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ABSTRACT. Let D be an integral domain. A multiplicative set S of D is an
almost splitting set if for each 0 # d € D, there exists an n = n(d) with d" = st
where s € S and t is v-coprime to each element of S. An integral domain D is
an almost GCD (AGCD) domain if for every x,y € D, there exists a positive
integer n = n(z,y) such that ™D Ny™D is a principal ideal. We prove that
the polynomial ring D[X] is an AGCD domain if and only if D is an AGCD
domain and D[X] C D’[X] is a root extension, where D’ is the integral closure
of D. We also show that D + XDg[X] is an AGCD domain if and only if D
and Dg[X] are AGCD domains and S is an almost splitting set.

1. INTRODUCTION

Let D be an integral domain with quotient field K and D’ the integral closure
of D. By an overring of D we mean a ring between D and K. D is said to be an
almost GCD (AGCD) domain if for every x,y € D, there exists n = n(z,y) € N*
such that ™D Ny™D is a principal ideal. AGCD domains were introduced by the
third author in [1] as a generalization of GCD domains (also see [2] and [3]). If D
is an AGCD domain, then D" is an AGCD domain [1, Theorem 3.4] and D C D’
is a root extension (i.e., for each x € D’ there exists a positive integer n such that
"™ € D) [1, Theorem 3.1]. By [1, Theorem 5.6, an integrally closed domain D is
an AGCD domain if and only if the polynomial ring D[X] is. The primary aim of
this paper is to extend this result for arbitrary domains. We prove that D[X] is an
AGCD domain if and only if D is an AGCD domain and D[X] C D'[X] is a root
extension.

Recall that for a nonzero fractional ideal I of D, I, = (I7')"' = (D:1): I =
(WzD | 2D DI, x € K} and Iy = J{J, | 0 # J C I is finitely generated}. Hence
if I is finitely generated, I; = I,,. It is well known that for z,y € D* = D — {0},
xD NyD is a principal ideal if and only if (x,y), is (indeed, (x,y), is principal
& (z,y) t=2"'Dny D= m—ly (xD NyD) is principal < xD NyD is principal).
Call two nonzero elements x,y € D v-coprime if (x,y), = D, or equivalently, if
xDNyD = zyD (see Proposition 2.2 for several other equivalences).

A saturated multiplicative set S of D is called an almost splitting set if for
each nonzero x € D, there is a natural number n = n(z) such that z" = ds,
where s € S and d is v-coprime to every member of S. We also prove that for
a saturated multiplicative set S, the composite polynomial ring D + X Dg[X] =
{f(X) € Dg[X] | f(0) € D} is an AGCD domain if and only if D and Dg[X] are
AGCD domains and S is an almost splitting set.
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2. ALMOST SPLITTING SETS

In this section we investigate almost splitting sets. However, we begin by re-
viewing the notion of a splitting set. A saturated multiplicative set S of D is said
to be a splitting set if for each d € D* we can write d = sa for some s € S and
a € D with DnNaD = s'aD for all s € S, i.e., s and a are v-coprime. The set
T ={t e D*| sDNtD = stD for all s € S} is also a splitting set, called the
m-complement of S. Each d € D* has a unique representation (up to unit factors)
d=st,wheres€ Sandte€T. f d=st (s€ S,t €T), then dDsND =1tD. In
fact, a saturated multiplicative set S of D is a splitting set if and only if dDg N D
is principal for each d € D*. For these, and other, results on splitting sets, see [4].
Splitting sets are investigated further in [5].

Splitting sets can also be viewed in the context of the group of divisibility
G(D) = K*/U(D) of D. Here U(D) denotes the group of units of D and G(D)
is partially ordered by aU (D) < bU(D) < alb in D. Note that G(D) is order-
isomorphic to P(D) the multiplicative group of nonzero principal fractional ideals
of D ordered by inverse inclusion: aU(D) « aD. Mott [6, Theorem 2.1] showed
that there is a one-to-one correspondence between the set of convex directed sub-
groups of P(D) = G(D) and the set of saturated multiplicative closed subsets
of D. The correspondence is given as follows. If S is a saturated multiplicative
closed subset of D, then (S) = {5152_ 'D|s,80€8 } is a convex directed subgroup
of P(D) with positive cone (S), = {sD|s € S}. In G(D), we may identify (S)
with U(Dg)/U (D). In [7], Mott and Schexnayder considered the question of when
(Sy 2 U(Dg)/U(D) is a cardinal summand of P(D) = G(D), that is, when there
is a subgroup H of P(D) with (S) ®. H = P(D). In our terminology, they showed
that (S) is a cardinal summand if and only if S is a splitting set.

A splitting set S is said to be an lem splitting set if for each s € S and d € D,
sD N dD is principal, or equivalently D, where T is the m-complement of 5, is
a GCD-domain. Perhaps the most important example of an lem splitting set is
as follows. A set {pn} of nonzero principal primes is a splitting set of principal
primes if (a) for each a, ,—,;p"D = 0 (or equivalently, ht p,D = 1), and (b)
for any sequence {p,, } of nonassociate members of {ps}, (N —; Pa, D = 0. Then
S = {upa, - Pa, | u € U(D), pa; € {pa}, n > 0} is an lem splitting set [4,
Proposition 2.6].

We next introduce the notion of an almost splitting set and an almost lem
splitting set.

Definition 2.1. Let S be a saturated multiplicative set of an integral domain D.
Then S is an almost splitting set if for each d € D*, there is an n = n(d) with
d" = st where s € S and t is v-coprime to every element of S. An almost splitting
set S is an almost lem splitting set if for all s € S and d € D*, there is an n = n(s, d)
such that d”D N s™D is principal.

But first, we investigate the notions of v-coprimeness and m-complements more
closely. The proof of the next proposition is straightforward and left to the reader.
Proofs of several of the implications may be found in [4] and [5].

Proposition 2.2. Let S be a (not necessarily saturated) multiplicative set of the
domain D. Then fort € D*, the following are equivalent.

(1) (s,t)y =D forallse S,

(2) sDNtD = stD forall s € S,
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(3) tDsND =tD,
(4) DsN D, =D where D, ={d/t" | d € D, n >0}, and
(5) Dt:s= Dt forall s € S.

Definition 2.3. For a nonempty subset S of an integral domain D, let S+ =
{z € D*| (z,s), = D for all s € S}.

Note that by Proposition 2.2, Dg N Dg1 = D. It is easily checked that for an
integral domain D and () # S; C S, C D*, Si+ D S5+, and S; C Si-+.

Proposition 2.4. Let S be a nonempty subset of nonzero elements of an integral
domain D. Then St is a saturated multiplicative set of D with S C S*++ and
SN St =U(D) where S is the saturation of the multiplicative set generated by S.
Moreover, S+ = S+ If S is an (almost) splitting set, then S = S+ and hence
S+ is an (almost) splitting set with S++ = S.

Proof. Let x,y € S* and s € S. Then (z,5), = (y,5), = D,s0 D = ((z,5)(y,5))s =
(zy,xs,ys,5%)s C (29,5), € D and hence (zy,s), = D. Thus a2y € S*. Clearly,
S+ is saturated. Thus S+ is a saturated multiplicative set with S C S+ and so
S C S++. Certainly SNS+ D U(D). Suppose x € SNS+, so xy = s; - - - 5, for some
y€ D and sq,...,8, € S. Now (z) = (z,29), = (,81 - Sn)p = D, so x € U(D).
Note that S C S+ gives S+ D §+++ and S+ C (§+)4H, so S+ = §+++4,
Suppose that S is an almost splitting set. Let x € S+, so there exists an n > 1
with 2" = st where s € S and t € S+. Then st = z" € S+t = t € §++ =
te St NSt =U(D). So 2™ € S and hence z € S. Thus S = S++. O

However, in general we need not have S = S+ even when S is a saturated
multiplicative set generated by principal primes.

Example 2.5. Let (V,(p)) be a discrete valuation ring of rank greater than one.
Then S = {up™ | n > 0, w € U(V)} is a saturated multiplicative set of V. Here
S+ =U(D) and hence S C S*++ = D*.

The use of S+ may remind some readers of the set of orthogonal elements of a
set S in a partially ordered group or in a Riesz space (i.e., the set of all positive
elements a with a A s = 0 for each s € §). Viewing an integral domain in the
context of its group of divisibility, which is a partially ordered group, we see that
the notion of v-coprimality is precisely the same as that of orthogonality.

We next give an example of an almost splitting set which generalizes the notion
of a splitting set of primes.

Example 2.6. Let {P,},en be a nonempty collection of height-one prime ideals
of an integral domain D with (_, P, = 0 for any countable subcollection. For
each a € A, assume that some (P}), is principal; say (P}*), = (¢a). Let § =

{q,lfl1 oogim | a; € A, each l,, > 0} and let § be the saturation of S. Then for
0 # d € D, there exists an n > 1 with d” = st where s € S and t € S*. Hence S is
an almost splitting set.

Since each P, is t-invertible, if I is a nonzero ideal contained in P,, we get
I; = (P,J); with J = P71, We repeatedly use this factorization property starting
with I = dD. By our height-one and intersection assumptions on the P,’s, we get
dD = (P,, -+ P, J) for some aq,...,ap, n > 0 and some ideal J contained in
no P,. As (P"); = q,D and q, € S, d*D = s(J*), for some k > 1 and s € S.
So (J*); = fD for some f € D. Then f ¢ |JP,, hence (P,, f); = D for each a,



4 D.D. ANDERSON, TIBERIU DUMITRESCU, AND MUHAMMAD ZAFRULLAH

because P, being t-invertible is a maximal t-ideal [8, Lemma 1]. As (P2«); = ¢, D,
we get (qa, f)¢ = D for each . Hence f € S+, because the g,’s generate S. Thus
d* € §S*+. Hence S is an almost splitting set. (Note: S = {us | u € U(D), s € S}
need not be saturated as is seen by taking a Dedekind domain D with class group
Cl(D) = Z5. Suppose that M and N are nonprincipal maximal ideals of D. Let
M? = (a), N? = (b) and MN = (c), and let S = {a"b™ | n, m > 0}. Then
(¢?) = M2N? = (a)(b), so ¢ = uab for some v € U(D). Thus ¢2 € S, but ¢ ¢ S.)

The following characterization of almost splitting sets similar to a characteriza-
tion of splitting sets [4, Theorem 2.2 will be used.

Proposition 2.7. For a saturated multiplicative set S of an integral domain D,
the following are equivalent.

(1) S is an almost splitting set.
(2) For d € D, there exists ann = n(d) > 1 with d*Dg N D principal.

Proof. (1) = (2) Let d" = st where s € S and t € S*. Then d"DsN D =
stDs N D =tDg N D =tD with the last equality following from Proposition 2.2.
(2) = (1) Let 0 # d € D. Suppose that d"Dg N D = tD. Then tDgN D =
d"Ds N D = tD; so by Proposition 2.2, t € S*. Now d" = rt for some r € D.
Hence rtDs = d*Dg = tDg, so rDg = Dg. Since S is saturated, r € S. O

We next give a characterization of almost lem splitting sets similar to the char-
acterization of lem splitting given in [4].

Theorem 2.8. For an almost splitting set S of an integral domain D, the following
conditions are equivalent.

(1) S is an almost lcm splitting set.

(2) For s1,82 € S, there exists an n = n(s1,s2) > 1 with s D N sy D principal.

(3) For sy1,s9 € S, there exists an n = n(s1,s2) > 1 and s € S with s¥D N
sy D = sD.

(4) Dg. is an AGCD-domain.

Proof. (1) = (2) Clear. (2) = (3) Let stD NsyD = xD. Write 2™ = st where
s € Sand t € S*. Then s}"D N si™D = ™D = stD. Now tD = tDg N
D =stDsND =a"DsND = (sy"DNsy"D)DsN D = DgND = D implies
t € UD). So sy™DnNsymD = sD. (3) = (4) Let «Dg.,yDg1 be principal
ideals of Dg1 where z,y € D*. Now 2" = s;t; where s; € S and t; € S* implies
2"Dg1 = s1Dg1 and likewise y" Dgr = s9Dg1 where sg € S. Hence 2" Dg. =
s Dgi and y"™ = s¥Dg.. Choose | with (s7")'D N (s3)'D = sD where s € S.
Then 2" Dg. Ny"™ Dg. = sf"Dg1 Ns¥Dgr = (sf"D N sHD)Dg. = sDg.
is principal. So Dg. is an AGCD-domain. (4) = (1) Let s € S and d € D*.
So for some n > 1, d* = syt; where sy € S and ¢t; € S*t. Choose m > 1
with (s™)"™Dg. N s7"Dgy principal. As in the proof of (2) = (3), we can assume
that (s")™Dg1 NsT"Dgi = s”"Dgy for some s” € S. Then s"D Nd*"™D =
s"D A ST D = s"™D A sPD AN #D = (s"Dg. N D) N (s Dg. N D) Nt D =
((s"Dgr NsT*Dg)ND)YNETD = (s"Dg. ND)NTD = s"DNt7D = s"t7" D is
principal. O

Recall that for an integral domain D, the t-class group of D is Cli(D) =
TI1(D)/P(D) where TI(D) is the group of t-invertible t-ideals of D and P(D) is its
subgroup of nonzero principal fractional ideals. When S is a splitting set, there is a
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natural isomorphism Cl;(D) — Cly(Dg) x Cl;(Dg. ) given by [I] — ([IDg], [IDg+])
where [ | denotes the class of an ideal. See [4]. For D a Krull domain, Cl,(D) is
the usual divisor class group.

Theorem 2.9. Let S be an almost splitting set in an integral domain D. Then the
kernel of the canonical homomorphism 0: Cl,(D) — Cly(Dg) x Cly(Dg.) given by
0([1]) = ([IDs],[IDg.]) is a torsion subgroup of Cly(D).

Proof. It suffices to show that if I is a nonzero integral ideal of D with IDg and
IDg. principal, there is a k > 1 with (I*), principal. Suppose that IDg = a;Ds
and IDgi = asDg1 where aj,as € D. Since S is an almost splitting set, we
can write a¥ = s;t; where s; € S and t; € S+, i = 1,2. Then I*"Dg = afDgs =
s1t1Dg = t1Dg = syt Dg. Likewise, I¥Dg. = s9t;Dgi. So I*Dg = aDg and
IkDSL = aDg1 where a = sot; € D. But then IF - IkDS n IkDSL = aDgs N
aDg. = a(Ds N Dg.) = aD. So I* = Ja for some ideal J of D. Then aDg =
IkDS = JDgaDg, so JDg = Dg. Likewise, JDsL = DsL. Let z € J_l; SO
xJ C D. Then xJDg C Dg implies tDg C Dg, so x € Dg. Likewise, x € Dg.,
sox € DsN Dgi = D. Thus J~! C D and hence J, = D. So (I¥), = aD is
principal. (|

Recall that a Krull domain D is said to be almost factorial if Cl;(D) is torsion.

Corollary 2.10. Let S be an almost lem splitting set in an integral domain D.
If Cly(Dg) is torsion, then so is Cly(D). If D is root closed and Dg is an AGCD
domain, then D is an AGCD domain. Hence if D is a Krull domain with Dg
almost factorial, then D is almost factorial.

Proof. By Theorem 2.8, Dg1 is an AGCD domain and hence Cl;(Dg.1) is torsion.
Thus Cl;(Dg) x Cly(Dg1) is torsion. By Theorem 2.9, ker 6 is torsion. Then Cl;(D)
itself is torsion.

Suppose that D is root closed. Then Dg is a root closed AGCD domain and
hence is integrally closed. By the same reasoning, Dg.1 is integrally closed. Thus
D = DgNDg. is integrally closed. By [1, Theorem 3.9], D is an AGCD domain. O

We end this section with a characterization of the integral domains with the
property that every saturated multiplicative set is an almost splitting set. Recall
that an integral domain D is weakly Krull if D =, p_; Dp where the intersection
has finite character.

Theorem 2.11. An integral domain D is weakly Krull with Cly(D) torsion if and
only if every saturated multiplicative set of D is an almost splitting set.

Proof. (<) Suppose that every saturated multiplicative set of D is an almost split-
ting set. By [9, Theorem 3.4], it suffices to show that if P is a prime ideal minimal
over a proper principal ideal D, then there is a natural number n = n(x, P) with
x"Dp N D principal. But since S = D — P is an almost splitting set, this follows
from Proposition 2.7.

(=) Suppose that D is a weakly Krull domain with Cl;(D) torsion and let S be
a saturated multiplicative set of D. Let d be a nonzero nonunit of D. Since some
power of d is a product of primary elements [9, Theorem 3.4], it suffices to show
that each nonzero primary element ¢ not in S is in S+. As S is saturated, ¢D is
disjoint from S and hence so is its radical. Since gD is primary, gD : s = gD for
each s € S. Thus g € S*. O
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3. PoryNoMIAL EXTENSIONS OF AGCD DOMAINS

Let D be an integral domain and S a multiplicative set of D. In this section we
consider the question of when D[X] or D+ X Dg[X] is an AGCD domain. We show
(Theorem 3.4) that D[X] is an AGCD domain if and only if D is an AGCD domain
and D[X] C D'[X] is a root extension while (Theorem 3.12) D + X Dg[X] is an
AGCD domain if and only if D and Dg[X] are AGCD domains and S is almost

splitting.
Let F be an overring of D. According to [2], we say that D is t-linked under E, if
whenever zq,...,x, € D* with ((z1,...,2,)E), = E, we have ((z1,...,2,)D), =

D. We shall use the following result from [2].

Lemma 3.1. ([2, Theorem 5.9]) A domain D is an AGCD domain if and only if
(i) D' is an AGCD domain,
(ii) D C D’ is a root extension, and
(iii) D is t-linked under D’.

Remark 3.2. By the proof of [2, Theorem 5.9], it follows that in Lemma 3.1
condition (iii) can be replaced by condition
(iii") whenever z,y € D* are v-coprime in D', x, y are v-coprime in D.

We next prove that the ¢-linked-under property is stable under a polynomial
base change.

Proposition 3.3. Let D be a domain, E an overring of D, and K the quotient
field of D. The following assertions are equivalent.

(a) D is t-linked under E,

(b) D[X] is t-linked under E[X], and

(c) whenever f,g € D[X]* are v-coprime in E[X]|, then f, g are v-coprime in
D[X].

Proof. (a) = (c). For this implication, our argument is patterned after the proof
of [10, Theorem 3.5]. Let f, g be nonzero elements of D[X] such that f, g are
v-coprime in E[X]. By [10, Theorem 3.2], f, g are v-coprime in E[X] if and only if
f, g are v-coprime in K[X] and (¢(f)E + ¢(g9)E), = E, where ¢(f) is the content
ideal of f in D. As D is t-linked under E, (¢(f) 4+ c¢(g))y = D. A new appeal to
[10, Theorem 3.2] shows that f, g are v-coprime in D[X].

(¢) = (b). Let I be a nonzero finitely generated ideal of D[X] such that
(IE[X])y = E[X]. By [11, Lemma 4.4], there exist 0 # a € IE[X]| N E and
f € IE[X] with ¢(f), = FE, where ¢(f) is the content ideal of f; moreover,
((a, /)E[X])y, = E[X] for every such a and f. Fix a and f as above. We can
write a = cihy + -+ + ¢phy, With ¢1,...,¢,, € E and hq,...,h,, € I. As FE
is an overring of D, there exists 0 # s € D such that scq,...,sc,, € D. Then
0 # sa € INE = InND. Therefore, replacing a by sa, we may assume that
0 #a € IND. Since f € IE[X], we can write f = bofo + - + by fn with
bo,...,bp, € E and fy,...,f, € I. Choose k greater than the degree of each f;
and let ¢ = fo + f1X* + - + f,X"® € I. Then a, g are v-coprime in E[X].
Indeed, if this were not the case, the image of ¢ in E[X]/aFE[X] = (E/aFE)[X] is
a zero divisor. Hence dg € aE[X] for some d € E — aE. Then df; € aE[X] for
each i, so df € aE[X], contradicting the fact that a, f are v-coprime in F[X].
So a,g € I C D[X] are v-coprime in E[X], hence a, g are v-coprime in D[X] by
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our assumption. As a,g € I, we get I, = D[X], thus (b) holds. The implication
(b) = (a) is an easy consequence of the definition. O

The following theorem is the main result of this paper.

Theorem 3.4. Let D be a domain. Then D[X] is an AGCD domain if and only
if D is an AGCD domain and D[X] C D'[X] is a root extension.

Proof. Assume that D[X] is an AGCD domain. By Lemma 3.1, D[X| C D'[X] =
(D[X])" is a root extension. Now, let a,b € D*. As D[X] is an AGCD domain,
there exist a positive integer n and ¢ € D[X] such that «"D[X]Nb"D[X] = c¢D[X].
Then ¢ € D and it follows easily that a” DNb"D = c¢D. So D is an AGCD domain.

Conversely, assume that D is an AGCD domain and D[X] C D’'[X] is a root
extension. By Lemma 3.1, D is t-linked under D’, so D[X] is t-linked under D'[X]
by Proposition 3.3. As D is an AGCD domain, so are D’ and D’[X], cf. [1, Theorems
3.4 and 5.6]. Hence D[X] is an AGCD domain by Lemma 3.1. O

Example 3.5. By [2, Theorem 4.17], Z[2{] is an AGCD domain with integral
closure Z[i]. An easy computation shows that f* € Z[2i][X] for each f € Z[i][X].
By Theorem 3.4, Z[2i][X] is an AGCD domain.

However, as the following example shows, D an AGCD domain need not always
imply that D[X] is an AGCD domain.

Example 3.6. If m is a square-free integer m = 5 (mod 8) and D = Z[y/m],
then D is an AGCD domain [2, Theorem 4.17], while D[X] is not AGCD, because
D[X] C D'[X] is not a root extension. Indeed, if it were, then reducing modulo 2,
Fy[X] C F4[X] would be a root extension, where F,, is the field with n elements
(we have used the easy-to-obtain isomorphism D’/2D’ = F,). But if t € Fy — Fo,
it is easy to see that no power of ¢ + X lies in Fo[X].

This example can also serve to establish that if D C E is a root extension, it is
not necessary that D[X] C F[X] should also be a root extension.

Example 3.7. Let A be a GCD domain of characteristic 2. By the paragraph
following [3, Remark 4.1], D = A[Y?,Y?] is an AGCD domain and D' = A[Y].
As D'* C D, it follows that (D'[X])2 € D[X], so D[X] is an AGCD domain by
Theorem 3.4.

When D contains a field, it is easy to describe when D[X] C D’[X] is a root
extension.

Proposition 3.8. Let D C E be an extension of domains such that D contains a
field. Assume that D[X] C E[X] is a root extension.

(a) If D 2 Q, then D = E.

(b) If D 2 T, with p a positive prime, then D C E is a purely inseparable
extension.

Proof. Let a € E. Then (14 aX)" € D[X] for some positive n. Hence na,a™ € D.
So (a) holds, because n € U(D) in this case.

Now assume that D DO F, and decompose n as n = p°m with (m,p) = 1. As
(14+aX)" = (1+a” XP")™, we get ma?” € D, so a?” € D, because m € U(D). O
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The above proposition provides two types of AGCD domains D such that D[X]
an AGCD domain implies that D[X3, Xa,..., X,,] is an AGCD domain for indeter-
minates X1, Xa,...,X,. One is when D contains the field of rational numbers. In
this case, D[X] being AGCD forces D to be integrally closed and it is well known
[1] that if D is an integrally closed AGCD domain, then so is a polynomial ring
over D in several variables. The other case is when D has positive characteristic.
In this case, the D[X] being an AGCD domain forces the integral closure of D to
be purely inseparable over D and thus paves the way for D[X7, Xo, ..., X,,] to be
AGCD. This leads us to the following question.

Question 3.9. Does D[X] an AGCD domain imply that D[X7, Xo,...,X,,] is an
AGCD domain for finitely many indeterminates X1, Xa, ..., X7

Apparently the answer to this question is related to the following question.

Question 3.10. If D C FE is a root extension such that D[X] C F[X] is a root
extension, is D[X,Y] C F[X,Y] also a root extension?

Let D be a domain and S C D* a multiplicative set. We consider the composite
ring D + XDg[X] = {f € Dg[X] | f(0) € D}. By [12, Corollary 1.5] or [13,
Corollary 2.6] D + XDg[X] is a GCD domain if and only if D is a GCD domain
and S is a splitting set. When D is integrally closed, it was shown in [3, Theorem
3.1] that D + X Dg[X] is an AGCD domain if and only if D is an AGCD domain
and S is an almost splitting set. We extend this result to arbitrary domains.
Nevertheless, in our proof we use the result cited above. We need the following
lemma (see [14, Theorem 1] for a similar result).

Lemma 3.11. Let D be an AGCD domain, S C D* a multiplicative set, and T
the saturation of S in D'. If S is almost splitting in D, then so is T in D’.

Proof. Let 0 # a € D'. Since D C D’ is a root extension (Lemma 3.1) and S
is almost splitting in D, there exists a positive integer n such that a™ = bs with
b € D v-coprime in D to every element of S and s € S. By the paragraph before
[2, Theorem 5.11], b is also v-coprime in D’ to every element of S. Thus b € T+.
Hence T is an almost splitting set. O

Theorem 3.12. Let D be a domain and S C D* a saturated multiplicative set.
Then D + X Dg|X] is an AGCD domain if and only if

(i) D and Dg[X] are AGCD domains, and

(i) S is almost splitting.

Proof. Set E = D + XDg[X]. Assume that F is an AGCD domain. As in the
proof of Theorem 3.4, we can show that D is an AGCD domain. As shown in
[1, Section 5], a ring of quotients of an AGCD domain is still an AGCD domain.
Hence Eg = Dg[X] is an AGCD domain. So (i) holds. The fact that S is almost
splitting was shown in the proof of [3, Theorem 3.1]. For the convenience of the
reader, we repeat the argument here. Let 0 # a € D. Since E is an AGCD domain,
there exists a positive integer n and s € E such that ((a™, X™)E), = sE. Since
s|a™ s €D and since s | X", s € S (because S is saturated). Set b = a™/s € D
and let ¢ € S. Since t | X" /s, we derive successively that ((b,X"/s)E), = E,
((b,t)E), = E, and ((b,t)D), = D. Hence a™ = bs with b € D v-coprime to every
element of S and s € S, that is, S is almost splitting.
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Conversely, assume that (i) and (ii) hold. We prove that E is an AGCD domain
using Lemma 3.1 and Remark 3.2. Let T be the saturation of S in D’. By the
preceding lemma, T is almost splitting in D’. Since D is an AGCD domain, D’
is an integrally closed AGCD domain [1, Theorem 3.4]. The integral closure of E
is B/ = D' + XDL[X] = D' + XDy[X], cf. [15, Theorem 2.7]. By [3, Theorem
3.1], E' is an AGCD domain. For proving that £ C E’ is a root extension, let
f € E'. As D and Dg[X] are AGCD domains, D C D’ and Dg[X] C Dg[X] are
root extensions, cf. Lemma 3.1. So there exist two positive integers, m and n, such
that f™ € Dg[X] and f(0)™" € D. It follows that f™" € E. Thus F C E' is a
root extension. To complete the proof, it suffices to verify that condition (iii’) of
Remark 3.2 holds in E. Let f,g € E* such that f, g are v-coprime in E’. As noted
in [16], E is the directed union (limit) of its subrings D[X/s| for s € S. Similarly,
E' is the directed union of D’[X/s] for s € S. Note that D[X/s] is D-isomorphic
to D[X]. Let s € S such that f,g € D[X/s]. We claim that f, g are v-coprime
in D[X/s]. Indeed, D'[X/s] is an AGCD domain [1, Theorem 5.6], so there exist
a positive integer k and h € D’[X/s] such that ((f*,¢*)D'[X/s]), = hD'[X/s]. In
particular, h is a common divisor of f and g not only in D'[X/s] but also in E’. As
f, g are v-coprime in E’, so are f* g*. Then h € U(E') = U(D'[X/s]) = U(D").
So f*, g* are v-coprime in D'[X/s]. By part (5) of [1, Lemma 1.1], f, g are v-
coprime in D'[X/s]. By Proposition 3.3, D[X/s] is t-linked under D'[X/s], so f,
g are v-coprime in D[X/s]. Now since f, g are v-coprime in every D[X/s] that
contains them, a direct limit argument shows that f, g are v-coprime in E. O

Corollary 3.13. Let D be a domain with quotient field K. Then D + XK|[X] is
an AGCD domain if and only if D is.
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