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Abstract. Heitmann and McAdam defined an integral domain R to be dis-
tinguished if for 0 6= z ∈ K, the quotient field of R, (1) :(z) 6⊆ Z(R/(1):(z−1)).
They showed that a Prüfer domain and a Krull domain are distinguished. We
investigate the relationship between distinguished domains and PVMD’s. We
show that a two-dimensional distinguished domain is a PVMD, but give an
example of a three-dimensional distinguished domain that is not a PVMD. We
define an integral domain R to be super distinguished if for a, b ∈ R − {0},
there exist r ∈ (a) : (b) and s ∈ (b) : (a) with (r, s)t = R and show that a super
distinguished domain is distinguished and a PVMD.

Throughout R denotes an integral domain with quotient field K. For an R-
module M , Z(M) denotes the set of zero divisors of R with respect to M and for
x, y ∈ K, (x) : (y) = {r ∈ R | ry ∈ (x)}. Heitmann and McAdam [1] introduced the
notion of a distinguished domain. We recall their definition.

Definition 1. An integral domain R (with quotient field K) is distinguished if for
each 0 6= z ∈ K, (1) : (z) 6⊆ Z(R/(1) : (z−1)).
We first give several conditions equivalent to R being distinguished.

Proposition 2. For an integral domain R with quotient field K, the following
conditions are equivalent.

(1) R is distinguished.
(2) For a, b ∈ R− {0}, (b) : (a) 6⊆ Z(R/(a) : (b)).
(3) For 0 6= z ∈ K, we can write z = a/b, a, b ∈ R, where b 6∈ Z(R/(a) : (b)).
(4) For 0 6= z ∈ K, we can write z = a/b, a, b ∈ R, where (a) : (b) = (a) : (b2).
Proof. (1) ⇒ (2) This immediately follows since if z = a/b, (1) : (z) = (b) : (a).
(2) ⇒ (3) Let z = r/s where r, s ∈ R − {0}. So (s) : (r) 6⊆ Z(R/(r) : (s)). Let
b ∈ (s) : (r)− Z(R/(r) : (s)). So br = as for some a ∈ R. Then z = r/s = a/b and
(r) : (s) = (1):(z−1) = (a) : (b), so b 6∈ Z(R/(a) : (b)). (3)⇒ (4) Write z = a/b where
b 6∈ Z(R/(a) : (b)). Suppose r ∈ (a) : (b2), so rb ∈ (a) : (b). Since b 6∈ Z(R/(a) : (b)),
r ∈ (a) : (b). Since the reverse containment always holds, (a) : (b) = (a) : (b2).
(4) ⇒ (1) Write z = a/b where (a) : (b) = (a) : (b2). Then b ∈ (1) : (z). Now
br ∈ (1) : (z−1) = (1) : (b/a)⇒ b2r ∈ (a)⇒ r ∈ (a) : (b2) = (a) : (b) = (1) : (z−1). So
b 6∈ Z(R/(1) : (z−1)).
We next summarize and slightly extend some of the results from [1] concerning

distinguished domains. Theorem 3 shows that the class of distinguished domains
is quite large. Note that a Noetherian domain is distinguished if and only if it is
integrally closed. The results given in Theorem 3 indicate that there might be some
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connection between distinguished domains and PVMD’s. The investigation of this
connection is the main purpose of this paper.

Theorem 3. (1) A distinguished domain is integrally closed.
(2) A Krull domain is distinguished. More generally, if R is a Krull domain with

quotient field K and L is a field extension of K, then the integral closure of
R in L is distinguished.

(3) A Prüfer domain is distinguished. In fact, a distinguished domain R is a
Prüfer domain if and only if for each maximal ideal M of R, the prime ideals
of RM form a chain.

(4) If R is a distinguished domain, so is R[X].
(5) If R is a distinguished domain and S is a multiplicatively closed subset of R,

then RS is distinguished.
(6) Let R be a domain and Q a prime ideal of R such that for each ideal I of

R, I ⊆ Q or Q ⊆ I. Then R is distinguished if and only if R/Q and RQ
are distinguished. In particular, if (T,Q) is a quasilocal domain and D is
an integral domain contained in T/Q, then R = {t ∈ T | t + Q ∈ D} is
a distinguished domain if and only if T and D are distinguished and D has
quotient field T/Q.

Proof. (1) [1, Proposition 1.8]. (2) The first statement is [1, Proposition 1.1] while
the second statement in the case where L/K is algebraic is [1, Proposition 1.7].
However, it is easily seen that we do not need to assume that L/K is algebraic.
(3) [1, Theorem 1.2]. (4) [1, Theorem 3.2]. (5) The case where S = R − P , P
a prime ideal of R, is remarked on the top of page 182 of [1]. The proof of the
general case is identical. (6) The first statement is [1, Theorem 1.3]. To prove the
second statement, it suffices by [1, Corollary 1.4] to show that if D does not have
quotient field T/Q, then R is not distinguished. Suppose that D has quotient field
k ( T/Q. Choose t ∈ T with t̄ = t + Q /∈ k. So t 6∈ Q and hence t is a unit. So
t, t−1 ∈ T − R. We show (1) : (t) ⊆ Z(R/(1) : (t−1)). Let r ∈ (1) : (t), so rt ∈ R.
Then r̄t̄ ∈ D ⊆ k ⇒ r̄ = 0̄, i.e., r ∈ Q. But then rt−1 ∈ Q ⊆ R, so r ∈ (1) : (t−1).
Hence r ∈ Z(R/(1) : (t−1)).

Let R be an integral domain and let Assp(R) = {P ∈ Spec(R) | P is minimal
over some (a) : (b), a, b ∈ R − {0}}, the set of associated primes of R. Note that
Assp(RS) = {QS | Q ∈ Assp(R), Q ∩ S = ∅} for each multiplicatively closed
subset S of R. Recall [4] that R is a P -domain if RP is a valuation domain for
each P ∈ Assp(R). The t-operation on an integral domain R is given by I →
It =

S{(a1, . . . , an)v | a1, . . . , an ∈ I − {0}} where as usual, Iv = (I−1)−1 for I a
nonzero (fractional) ideal of R. An ideal I is a t-ideal if I = It. If P ∈ Assp(R), then
P is a prime t-ideal. Recall that R is a Prüfer v-multiplication domain (PVMD)
if RM is a valuation domain for each maximal t-ideal M of R, or equivalently, if
(II−1)t = R for each nonzero finitely generated ideal I of R, i.e., I is t-invertible.
Hence a PVMD is a P -domain, but not conversely [4]. Note that R is a P -domain
if and only if RM is a P -domain for each maximal ideal M of R and that if R is a
P -domain, so is RS for each multiplicatively closed subset S of R. Recall that an
integral domain R is essential if R =

T
RPα where each RPα is a valuation domain.

An integral domain R is a P -domain if and only if each localization of R is essential.
We next define U -primes and V -primes which were studied in [1].
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Definition 4. Let 0 6= P be a prime ideal of the integral domain R. Then P is a
U -prime if RP =

T{RQ | Q ∈ Spec(R) with Q ( P} and P is a V -prime if there
exists a prime ideal Q directly below P such that for 0 6= ω ∈ RQ, ω or ω−1 ∈ RP .
And R is a UV -domain if each nonzero prime ideal of R is either a U -prime or a
V -prime.

So P is a U -prime of R ⇔ PP is a U -prime of RP . Recall [3, Exercise 20, page
42] that for a set {Qα} of primes of R, R =

T
RQα ⇔ for each (a) : (b) 6= R,

(a) : (b) ⊆ Qα for some α. Hence PP is a U -prime of RP ⇔ PP 6∈ Assp(RP ). So P
is a U -prime of R ⇔ PP is a U -prime of RP ⇔ PP 6∈ Assp(RP ) ⇔ P 6∈ Assp(R).
Thus R is a UV -domain⇔ each P ∈ Assp(R) is a V -prime. In [1, Remark (c), page
186] it was shown that a distinguished domain is a UV -domain, but not conversely
[1, Example, page 191].
Thus a height-one prime ideal P of R is a V -prime⇔ RP is a valuation domain.

Note that P is a V -prime of R ⇔ PP is a V -prime of RP . And thus R is a
UV -domain ⇔ R is locally a UV -domain. If P is a V -prime of R and Q is as in
Definition 4, then the ideals of RP are comparable to QP and hence Q is the unique
prime ideal directly below P . (We can assume that R is quasilocal with maximal
ideal P . Suppose I is an ideal with I * Q, so let i ∈ I −Q. For q ∈ Q, q/i ∈ RQ.
Now i/q 6∈ R ⇒ q/i ∈ R ⇒ q ∈ iR ⊆ I.) Also, RP /QP is a rank-one valuation
domain. Recall that a prime ideal P of an integral domain R is essential if RP is
a valuation domain.

Proposition 5. Let P be an essential prime ideal of an integral domain R. Then
the following are equivalent:

(1) P is a V -prime;
(2) there is a prime ideal Q directly below P ;
(3) P is a minimal over a principal ideal;
(4) P ∈ Assp(R), and;
(5) P is not a U-prime.

Proof. (1)⇒ (2) Clear. (2)⇒ (3) Let c ∈ P −Q. Since RP is a valuation domain,
PP is minimal over cRP . Hence P is minimal over cR. (3) ⇒ (4) and (4) ⇒ (5)
are always true. (5) ⇒ (1) RP is a valuation domain and PP is not a U -prime of
RP . Hence PP is not the union of the primes properly below PP and hence there
is a prime Q directly below PP . It is now immediate that PP is a V -prime.

Proposition 6. A P -domain (and hence a PVMD) R is a UV -domain. For a P -
domain R, a nonzero prime ideal P of R is a V -prime if and only if P ∈ Assp(R).
Proof. Let R be a P -domain. If P ∈ Assp(R), then P is essential and hence is a
V -prime by Proposition 5. So R is a UV -domain.
Suppose that R is a P -domain. We have already shown that if P ∈ Assp(R),

then P is a V -prime. Conversely, suppose that P is a V -ideal. Let Q be the unique
prime ideal directly below P . Now RP ( RQ =

T{RN | N ( P is prime} =T{RN | N ( PP is prime}. So for some (a/1) : (b/1) in RP , (a/1) : (b/1) * N for
any prime N ⊆ QP . So PP is minimal over (a/1) : (a/1). Hence P is minimal over
(a) : (b). So P ∈ Assp(R).
We next give a result related to Theorem 3(3). This result and Proposition 6

are then used to give a number of conditions equivalent to a distinguished domain
being a PVMD.
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Theorem 7. An integral domain R is a Prüfer domain if and only if (1) R is
distinguished and (2) for P,Q ∈ Assp(R), either P ⊆ Q, Q ⊆ P , or P +Q = R.
Proof. (⇒) Clear. (⇐) It suffices to show that (a):(b)+(b):(a) = R for a, b ∈ R−{0}.
Suppose (a) : (b)+ (b) : (a) ⊆M for some maximal ideal M . Then we can shrink M
down to prime ideals P and Q with P minimal over (a) : (b) and Q minimal over
(b) : (a). Thus P,Q ∈ Assp(R). Now P +Q 6= R, so say P ⊆ Q. Now Q minimal
over (b) : (a) gives Q ⊆ Z(R/(b) : (a)). So (a) : (b) ⊆ P ⊆ Q ⊆ Z(R/(b) : (a)), a
contradiction. Hence (a) : (b) + (b) : (a) = R.

Of course, in Theorem 7 “P,Q ∈ Assp(R)” could be replaced by “P and Q are
V -primes” or “P and Q are prime t-ideals”.

Theorem 8. Let R be a distinguished domain. Then the following conditions are
equivalent.

(1) R is a PVMD.
(2) R is a P -domain.
(3) For each V -prime P of R, RP is a valuation domain.
(4) For each V -prime P of R, (x) : (y) + (y) : (x) * P for x, y ∈ R− {0}.
(5) For prime t-ideals P and Q of R, either P ⊆ Q, Q ⊆ P , or (P +Q)t = R.
(6) For P,Q ∈ Assp(R), either P ⊆ Q, Q ⊆ P , or (P +Q)t = R.
Proof. (1) ⇒ (2) This always holds. (2) ⇒ (3) Proposition 6. (3) ⇒ (4) Clear.
(4)⇒ (1) For (x):(y) (resp., (y):(x)) choose b1, b2 ∈ (x):(y) (resp., c1, c2 ∈ (y):(x))
such that if P is a V -prime ideal with (x) : (y) * P (resp., (y) : (x) * P ), then
(b1, b2) * P (resp., (c1, c2) * P ) [1, Proposition 2.3]. Put A = (b1, b2)+(c1, c2). Let
P be a V -prime. Now (x) : (y) + (y) : (x) * P . Hence (x) : (y) * P or (y) : (x) * P .
Thus A * P . Now I → I∗ =

T{IRP | P is a V -prime of R} is a star-operation on
R since R =

T{RP | P is a V -prime of R}. So A∗ = R. Hence At = Av = R. So
((x):(y)+(y):(x))t = R. Hence R is a PVMD. (1)⇒ (5) This holds for any PVMD.
(5)⇒ (6) This holds for any integral domain since an associated prime is a prime
t-ideal. (6)⇒ (1) Let M be a maximal t-ideal of R. Then RM is distinguished and
the set Assp(RM ) is totally ordered. By Theorem 7, RM is a valuation domain. So
R is a PVMD.

Corollary 9. Let R be a two-dimensional distinguished domain. Then R is a
PVMD.

Proof. Let P be a V -prime of R. If htP = 2, then there is a unique prime ideal
directly below P ; so the prime ideals of RP form a chain. Hence RP is a valuation
domain by Theorem 3(3). If htP = 1, then RP is a valuation domain by the
definition of a V -prime. By Theorem 8, R is a PVMD.

Theorems 7 and 8 may be generalized as follows. We leave the proof to the reader.
Let R be an integral domain with the property that every associated prime is a V -
prime. Then R is a Prüfer domain (resp., PVMD) if and only if for P,Q ∈ Assp(R),
either P ⊆ Q, Q ⊆ P , or P +Q = R (resp., (P +Q)t = R).
Of course, for a one-dimensional domain the notions of Prüfer domain, PVMD,

P -domain, distinguished domain, and UV -domain all coincide. And by Corollary
9, a two-dimensional distinguished domain is a PVMD.
We next give an example of a three-dimensional distinguished domain that is

not a PVMD.
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Example 10. For n ≥ 3, an n-dimensional quasilocal distinguished domain that
is not essential and hence not a P -domain nor a PVMD.
Let (V, (p)) be a rank n − 1 discrete valuation ring where n ≥ 3. Let Q =T∞
n=1 p

nV , R0 = V +XVQ[X], Q0 = Q+XVQ[X], and P0 = pR0 = pV +XVQ[X].
Now R0/P0 = V/(p), so P0 is a maximal ideal of R0. Put R = R0P0 , so R is a
quasilocal domain. Now

T∞
n=1 p

nR0 = Q +XVQ[X] = Q0, so there are no prime
ideals properly between pR0 and Q0. Hence there are no prime ideals properly
between P0P0 and Q0P0 . So Q0P0 =

T∞
n=1 p

nR. If I is an ideal of R, then either
I ⊆ T∞n=1 pnR = Q0P0 or Q0P0 ⊂ I = pnR for some n ≥ 0. So Q0P0 is comparable
to each ideal of R. Now RQ0P0

= (V +XVQ[X])Q+XVQ[X] is a localization of the
GCD domain VQ[X] and hence is distinguished (see Theorem 15 or use the fact
that the valuation domain VQ is distinguished and hence so is the localization of a
polynomial ring over it (Theorem 3)). Also, R/Q0P0 = R0P0/Q0P0 is a localization
of R0/Q0 = V/Q, a valuation domain. So R/Q0P0 is a valuation domain and hence
is distinguished. By Theorem 3(6), R is distinguished.
We next show that dimR = n. Now VQ is an (n − 2)-dimensional valuation

domain, so dimVQ[X] = n − 1. Hence RQ0P0
being a localization of VQ[X] gives

dimRQ0P0
≤ n − 1 and so dimR ≤ n. But if 0 ( Qn−1 ( · · · ( Q ( (p)

are the prime ideals of V , then 0 ( XVQ[X]P0 ( (Qn−1 + XVQ[X])P0 ( · · · (
(Q+XVQ[X])P0 = Q0P0 ( P0P0 is a chain of prime ideals in R. Hence dimR = n.
Suppose that R is essential. Since the maximal ideal of R is principal, R must ac-

tually be a valuation domain. Then R(Qn−1+XVQ[X])P0 = R0Qn−1+XVQ[X] is a two-

dimensional valuation domain. But R0Qn−1+XVQ[X] is a localization of VQn−1 [X]
which is a UFD since VQn−1 is a rank-one DVR. So R0Qn−1+XVQ[X] is a UFD, a
contradiction.

We next show that a two-dimensional domain is a UV -domain if and only if it
is a P -domain.

Theorem 11. For a two-dimensional integral domain R, the following conditions
are equivalent.

(1) R is a UV -domain.
(2) For each maximal ideal M of R, either RM is a valuation domain or RM =T{RP | P (M} and each RP is a valuation domain.
(3) R is a P -domain.

Proof. (1)⇒ (2) Let R be a two-dimensional UV -domain. Let P be a prime ideal
of R with htP = 1. Then P must be a V -prime and hence RP is a valuation
domain. Let M be a maximal ideal of R. If htM = 1, RM is a valuation domain.
So assume htM = 2. Suppose that M is a U -prime. Then the second case of (2)
occurs. So suppose that M is a V -prime. Then there is a height-one prime P (M
so that for 0 6= ω ∈ RP , ω or ω−1 ∈ RM . Let 0 6= x ∈ K, the quotient field of R.
Since RP is a valuation domain, x or x

−1 ∈ RP . Hence x or x−1 ∈ RM . So RM
is a valuation domain. (2)⇒ (3) Let P ∈ Assp(R). If htP = 1, RP is a valuation
domain. If htP = 2, then the second case of (2) cannot occur. So again RP is a
valuation domain. (3)⇒ (1) Proposition 6.

Recall that an integral domain is a Mori domain if it satisfies ACC on divisorial
ideals. According to Theorem 3(2), a Krull domain is a distinguished Mori domain.
We next prove the converse.
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Theorem 12. A Mori UV -domain R (e.g., a distinguished Mori domain) is a
Krull domain.

Proof. Let P be a maximal t-ideal of R, so P = (a) : (b). Hence P is a V -prime.
Suppose that htP > 1. Let Q be the unique prime ideal directly below P . Choose
c ∈ PRP − QRP . Then cnRP * QRP , so QRP ( cnRP . Thus

T∞
n=1 c

nRP ⊇
QRP 6= 0. So RP does not satisfy ACCP, a contradiction. Hence htP = 1. So RP
is a valuation domain, necessarily a DVR. Hence R is completely integrally closed.
Thus R is a Krull domain.

To get more examples of distinguished domains, we introduce the concept of a
super distinguished domain.

Definition 13. An integral domain R is super distinguished if for x, y ∈ R− {0},
there exist r ∈ (x) : (y) and s ∈ (y) : (x) such that (r, s)t = D.
We first note that a super distinguished domain is distinguished and is a PVMD.

Since Example 10 gives an example of a distinguished domain that is not a PVMD,
a distinguished domain need not be super distinguished.

Theorem 14. A super distinguished domain R is a distinguished PVMD.

Proof. Suppose that R is super distinguished. Let a, b ∈ R − {0}. By hypothesis,
there exist r ∈ (a) : (b) and s ∈ (b) : (a) such that (r, s)t = R. Hence R ⊆ (r, s)t ⊆
((a) : (b) + (b) : (a))t ⊆ R, so ((a) : (b) + (b) : (a))t = R. Thus R is a PVMD. To
show that R is distinguished, we need that (b) : (a) * Z(R/(a) : (b)). It suffices to
show that s /∈ Z(R/(a) : (b)). Suppose that sd ∈ (a) : (b). Also, rd ∈ (a) : (b), so
d ∈ dR = d(r, s)t = (dr, ds)t ⊆ ((a) : (b))t = (a) : (b).
We next give three important classes of PVMD’s that are super distinguished

and hence distinguished. Let R be a PVMD. The t-class group Clt(R) of R is the
group of t-invertible t-ideals under the t-product modulo its subgroup of principal
ideals. Hence R is a GCD domain ⇔ Clt(R) = {0}. Now R =

T
RM

M∈t−max(R)
where

t-max(R) is the set of maximal t-ideals of R. If the intersection has finite character,
R is called a ring of Krull type. Certainly a Krull domain is a ring of Krull type.

Theorem 15. Let R be an integral domain. If R is a Prüfer domain, a ring of
Krull type, or a PVMD with Clt(R) torsion (e.g., a GCD domain), then R is super
distinguished and hence distinguished.

Proof. First suppose that R is a Prüfer domain. For x, y ∈ R − {0}, (x) : (y) +
(y) : (x) = R. So there exist r ∈ (x) : (y) and s ∈ (y) : (x) with r + s = 1.
Hence R = (r, s) = (r, s)t. So R is super distinguished. Next suppose that R
is a ring of Krull type. Let x, y ∈ R − {0}. Let P1, . . . , Pn be the maximal t-
ideals containing (x) : (y) and let Q1, . . . , Qm be the maximal t-ideals containing
(y) : (x). Since R is a PVMD, (x) : (y) + (y) : (x) is not contained in any prime
t-ideal. Choose r ∈ (x) : (y) − Q1 ∪ · · · ∪ Qm. Let P1, . . . , Pn, P 01, . . . , P 0k be the
maximal t-ideals containing r. Now (y) : (x) * P1 ∪ · · ·∪Pn ∪P 01 ∪ · · ·∪P 0k, so there
exists s ∈ (y) : (x) − P1 ∪ · · · ∪ Pn ∪ P 01 ∪ · · · ∪ P 0k. Then (r, s)t = R. Thus R is
super distinguished. Finally, suppose that R is a PVMD with Clt(R) torsion. Let
x, y ∈ R− {0}. Choose n ≥ 1 so that (((x) : (y))n)t = (r) and (((y) : (x))n)t = (s).
Then r ∈ (x) : (y), s ∈ (y) : (x), and (r, s)t = R. Hence R is super distinguished.
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We next show that the intersection of two (super) distinguished domains need
not be distinguished.

Example 16. Let R be a one-dimensional integrally closed domain that is not a
Prüfer domain. Then R[X] is not distinguished. (LetM be a maximal ideal of R for
which RM is not a valuation domain. If R[X] were distinguished, then RM (X) =
R[X]M [X] would also be distinguished (Theorem 3). Now dimRM (X) = 2, so
RM (X) is a PVMD by Corollary 9. Hence RM is a PVMD and thus a valuation
domain, a contradiction.) But since R is integrally closed, R[X] = Rb ∩ K[X]
where Rb is the Kronecker function ring for R and K is the quotient field of R.
Now Rb is a Bezout domain and K[X] a PID, so R[X] is the intersection of two
super distinguished domains but R[X] is not distinguished.

We have been unable to determine if R a PVMD implies R is distinguished.
However, we next show that if R is a PVMD, then R[X] is distinguished (and,
of course, is a PVMD). Heitmann and McAdam (Theorem 3(4)) showed that if
R is distinguished, then so is R[X], but they were unable to determine if R[X]
distinguished forces R to be distinguished. Note that either R a PVMD implies R
is distinguished or there is a PVMD S such that S is not distinguished. Then S[X]
is distinguished while S is not distinguished.

Theorem 17. Let R be a PVMD. Then R[X] is distinguished.

Proof. Let R be a PVMD with quotient field K. Then by Proposition 6, R is a
UV -domain and each V -prime of R is an associated prime and hence a t-ideal. Let
0 6= z ∈ K. Now (1) : (z) = (b1, . . . , bn)t for some b1, . . . , bn ∈ R − {0}. Let P
be a V -prime with (1) : (z) * P . Then (b1, . . . , bn) * P . By the comments after
Question 2 [1, page 188], R[X] is distinguished.

We end with the following diagram of implications:

distinguished
% &

super distinguished UV -domain
& %

PVMD −→ P -domain

Heinzer and Ohm [2] gave an example of a two-dimensional essential domain R
that is not a PVMD. Mott and the third author [4] showed that R is a P -domain.
At each localization at a maximal ideal M , RM is a regular local ring. Thus R is
locally distinguished and a UV -domain. However, R is not distinguished since by
Corollary 9 a two-dimensional distinguished domain must be a PVMD. Example
10 gives an integral domain R that is distinguished (and hence a UV -domain) but
not a P -domain and hence not super distinguished. Thus there is no connection
between R being distinguished and R being a P -domain.
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