Primes that become primal in a pullback
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Abstract

Let A be the pullback ring p~1(A’), where B is a domain, M # 0 is a
prime ideal of B, p : B — B/M is the canonical map and A’ is a proper
subring of B’ = B/M. Assume that M contains a prime element of B. Set
S=UB)NAand S =U(B')NA". We show that A is a GCD domain
if and only if the following conditions hold: (&) B is a GCD domain, (b)
B' is a quotient ring of A" and S’ = p(S)U(A"), (¢) S’ is an lem splitting
multiplicative set of A’, and (d) M is a principal ideal of B.

AMS Classification: 13A15; 13F05

1 Introduction

Let C' C D be an extension of integral domains and T’ the multiplicative set
U(D)NC, where U(D) is the set of units of D. Let F be the polynomial ring
DI[X] or the power series ring D[[X]]. Then C'+ X F is the ring C'+ X D[X] of
polynomials f € D[X] with f(0) € C, or its power series analog C'+ X D[[X]].

By [6, Theorem 1.1] and [4, Theorem 2.11], C + X F is a GCD domain
if and only if both of C, F are GCD domains, D = Cr and T is a splitting

multiplicative set of C' [2] (i.e., every principal ideal of Cr contracts to a



principal ideal of C). For instance, Z + XQ[X] is a GCD domain but Z +
XR[X] is not.

An element ¢ € C is called primal [5], if ¢ | ajay implies that ¢ = ¢jey
such that ¢; | ay, co | ag; ¢ is called completely primal if all its factors are
primal. A pre-Schreier domain [21] is a domain in which every element is
(completely) primal, while a Schreier domain [5] is an integrally closed pre-
Schreier domain. Obviously, a Schreier domain is pre-Schreier, and, by [5],
a GCD domain is Schreier. Examples given in [5], [17] and [21] show that
these implications are not reversible. By [8, Theorem 2.7], C4+ X F is a (pre-)
Schreier domain if and only if both of C| E/ are (pre-) Schreier domains and
D =Cr. By [3],if k C K is a proper field extension, then X is a nonprimal
element in k + X K[X] whose square is primal. Motivated by this example, it
was shown in [9] that X is primal element of C' + X F if and only if D = Crp
and T is a good multiplicative set of C (i.e., if whenever s |¢ ab with s € T
and a,b € C, there exists t € T such that ¢ |¢ a and s |¢ tb). Also, in [9] it
was shown that X" is a primal element of C'4+ X I for some n > 2 if and only
if T is a good multiplicative set of C', C's = D N K where K is the quotient
field of C' and, for each b € D, bU(D) N C # (. Note that C' + X E arises as
the pullback of the following diagram

C+XE=q1'C) — F

! Lq
& — D

where ¢ is the map sending f to f(0). The kernel of ¢ is generated by the
prime element X.

In this paper, we obtain similar results for domains A arising as pullbacks of
canonical homomorphisms

A=p I(4A) — B
! lp
A — B'=B/M

where B is a domain, M # 0 is a prime ideal of B and A’ is a subring
of BY = B/M. Due to its use in constructing examples with prescribed
properties, this construction has been extensively studied by several authors
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(e.g., see [10], [16] and their references), especially when M is a maximal
ideal. Instead, we assume that M contains a prime element of B. Let us
denote the pullback domain A defined above by Bx g/ A’. Set S = U(B)NA
and ' =U(B)NA.

In Section 2 we study when a prime element of B (or one of its powers) is a
primal element of A. We show that the following assertions are equivalent:
(a) there exists an element of M which is prime in B and primal in A, (b)
every element of M which is prime in B is primal in A, (¢) S is a good
multiplicative set of A and B is a quotient ring of A, and (d) S’ is a good
multiplicative set of A, S" = p(S)U(A') and B’ is a quotient ring of A’. In
particular, every element f € Z + (X,Y)Q[[X, Y]] with f(0) = 0 is primal.
If M is principal, say M = 2B, we show that 22 is primal in A if and only if
x™ is primal in A for some (all) n > 2.

In Section 3, we study GCD pullback domains. If A" # B/M, we show that
A is a GCD domain if and only if the following conditions hold: (a) B is
a GCD domain, (b) B’ is a quotient ring of A" and S" = p(S)U(A'), (¢)
is an lem splitting multiplicative set of A, and (d) M is a principal ideal
of B (a splitting multiplicative set T is called lem splitting if (s) N (t) is a
principal ideal for all s,¢ € T'). For instance, Z[X]| + (X? + 3)Zg[X], where
S =1{1,5,5%,..}, or Cly,z] + 2C[z,y, 2] (2,4, 1), where 2 + y* + 2% =1, are
GCD domains. Also, if D is a domain and x, f € D such that z is a prime
element of D and f 4+ D is a prime element of D/xzD, then D + xD; is a
GCD domain if and only if D; is a GCD domain and N> (f"D+xzD) = xD.
Similar results describing the pullback semirigid GCD domains (resp., GCD
domains of finite {-character) are also obtained.

Throughout, if no explicit mention is made, A denotes the pullback domain
B x g A’ defined above, S = U(B) N A and " = U(B’) N A". Our general

references for any undefined terminology or notation are [11], [12] and [15].

2 Primal elements

Recall that an element ¢ of a domain is called primal, if ¢ | aja, implies that
¢ = cyc9 such that ¢y | ay, ¢o | a2 and ¢ is called completely primal if all its
factors are primal. Let A= B xpgy A, S=U(B)NAand ' =U(B)NA.
Clearly, B is a quotient ring of A if and only if B = Ag. Also, M is a common



ideal of the rings A C Ag C B and A/M = A'. In the next lemma, we recall
some basic properties of the pullback construction.

Lemma 2.1 Consider the pullback A= B x g/ A’

(i) If s€ S and a € A, s|a a if and only if p(s) |a p(a).

(i) If p(U(B)) = U(B'), then p(S) = S’ (note that p(U(B)) = U(B'),
if M s contained in the Jacobson radical of B, e.g. if B is quasilocal with

mazimal ideal M ).
(#71) Ajsy = B' if and only if As = B.

PROOF. For (i) it suffices to notice that s |4 m for each m € M.

(11) If O € S', there exists b € U(B) such that p(b) = ¥'. Hence b €
p H(A)NU(B) = S. The opposite inclusion is obvious.

(1i1) We have, Ag = B if and only if Ay = As/M = B/M = B'. e

We recall from the introduction that a multiplicative set T" of a domain D is
saild to be good, if whenever s | ab with s € T, a,b € D, there exists t € T
such that ¢ | a and s | tb. If T is good, then its saturation is U(D)T. Indeed,
if s = ab with s € T and a,b € D\ {0}, there exists ¢ € T" such that ¢ | a and
ab = s | tb. Hence a, t are associates in D.

The next lemma collects some properties of the good multiplicative sets
in the pullback setup.

Lemma 2.2 Consider the pullback A= B x g A'.

(1) S is a good multiplicative set of A if and only if p(S) is a good multi-
plicative set of A'.

1) S is a good multiplicative set of A and A o, = Al if and only if S’

p(S) S

is a good multiplicative set of A" and S’ = p(S)U(A).

(1i3) If 8" = p(S)U(A'), every element of S is completely primal in A if
and only if S’ has the same property in A'.

PROOF. (i) It suffices to notice that the goodness of S is given by divisibility
relations of type s |4 a with s € S and a € A, so part (i) of Lemma 2.1
applies.

(11) If A5y = Ag, then the saturation of p(S) is S', because S’ is sat-
urated. If, in addition, S is a good multiplicative set of A, then S’ =
p(S)U(A’), by the remark made in paragraph before Lemma 2.2. Conversely,
if 8" = p(S)U(A') and S’ is a good multiplicative set of A’ then so is p(5)

and A, = Ay Hence (1) applies.



(iii) To prove the ”if” part, let s € S and a,b € A such that s |4 ab.
Then p(s) |4 p(a)p(b). Since every element of S’ is completely primal and
S’ is saturated, there exist u/,v' € S’ such that p(s) = «'v' and v/ |4 p(a),
v |4 p(b). Since S’ = p(S)U(A), there exist u,v € S and ¢, € A such
that p(q),p(r) € U(A') and v/ = p(uq), v = p(vr). So p(s) = p(uvgr), hence
s—uvqr =m € M. Thus s = uw, where w = vgr + u 'm € S, because S is
saturated. Now, p(w) = p(v)p(q)p(r) ~a v |ar p(b) and p(u) ~a v’ |4 p(a).
Part (i) of Lemma 2.1 shows that u |4 a and w |4 b.

To prove the ”only if” part, let s € S’ and a,b € A such that ' |4
p(a)p(b). Since " = p(S)U(A’), we may assume that s’ = p(s) with s € S.
By part (i) of Lemma 2.1, s |4 ab, so there exist s,t € S such that s = tu
and t |4 a, u |4 b. It suffices to apply p. e

Theorem 2.3 Let A = B Xy A’ be a pullback such that M conlains a
prime element of B. The following assertions are equivalent:

(a) there exists an element of M which is prime in B and primal in A,

(b) every element of M which is prime in B is primal in A,

(¢) S is a good multiplicative set of A and B is a quotient ring of A,

(d) p(S) is a good multiplicative set of A" and B' = Ay,

(e) 8" is a good multiplicative set of A', S" = p(S)U(A) and B’ is a
quotient ring of A’, and

(f) S is a good multiplicative set of A, U(B') = p(U(B))U(A’) and B’

is a quotient ring of A’.

PROOF. If z € M is a prime element of B, every (two-factor) decomposition
of z in A has the form =z = s(z/s) for some s € S.

(b) = (a) is obvious.

(a) = (c). Suppose that € M is prime in B and primal in A. Clearly
As C B. Let be B. If b € B, then b € A. Assume that b ¢ zB. Since x
is primal in A and z |4 (bz)?, we get (x/t) |4 bx for some t € S, so bt € A.
In order to prove that S is a good multiplicative set of A, let s |4 ab with
s€S5,a,be A When a € B (resp., b € xB) we may take t = s (resp.,
t =1). Suppose that a,b & zB. Since z |4 a(bx/s) and z is primal in A, x
can be written as z = tu, with ¢ or v in S, such that ¢ |4 a and u |4 (bx/s).
Ifu € S, thena € tB = (x/u)B = zB, a contradiction. It follows that t € S,
so (z/t) |a (bx/s), that is s |4 tb.

(¢) = (b). Assume that x € M is a prime element of B. Let z |4 ac
with a,c € A\ {0}. Since z is prime in B, we may assume that = |g ¢, so
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c=x(b/s) for some b € A and s € S. Then sc = bx |4 abe, so s |4 ab. Since
S is good, there exists t € S such that ¢ |4 a and s |4 th. So, z = t(x/t),
t|aaand (z/t) |4 (bx/s) =c.
(¢) & (d) cf. Lemmas 2.1 and 2.2.
(d) < (e). Obviously, Aysy © As € B'. So, A5y = B if and only if
Aysy = A and A = B'. We apply parts (1) and (¢) of Lemma 2.2.
(e) = (f). We have U(B') = 'S ! = p(S)p(S) 'U(A), so U(B) =
p(SS™HU(A) = p(U(B))U(A).
(f) = (e). Let ¢ € S’. There exist ¢ € U(A"), b € U(B) such that
dc=pOb). Sobep ' (A)YNU(B)=S5. Thus ¢ =p(b)c ! € p(S)U(A)). o

Remark 2.4 (i) In Theorem 2.3, the hypothesis that M contains a prime
element of B is not needed for proving the equivalence of assertions (c)-(f).

(i) If A= B X/ A’ is a pullback and B has no prime element, A may
be a pre-Schreier domain without B being a quotient ring of A. Indeed, in
the last paragraph of [17], it is pointed out that for a rank one non-discrete
valuation domain of type K + M, F'+ M is a pre-Schreier domain for each
subfield F' of K.

(1i4) Taking B = Z[X], M = (2X — 1)B, B’ = Z[1/2] and A’ = Z, we
get the pullback A = B xgu A = Z + (2X — 1)Z[1/2][X]. Here, S =
UA) ={1,-1} and ' = {2"; n > 0}. Hence S’ # p(S)U(A'), so A is not

a pre-Schreier domain, cf. Theorem 2.3.

Corollary 2.5 Let A= Bxpg/y A be a pullback and x € M a prime element
in B. The following assertions are equivalent:

(a) = is a completely primal element of A,

(b) every element of S is (completely) primal in A and B is a quotient
ring of A, and

(c) every element of S is (completely) primal in A', 8" = p(S)U(A') and
B’ is a quotient ring of A’.

PROOF. We use Theorem 2.3 and the following facts. 1) s |4 = for each
s € S. 2) If z is primal in A, then so is x/s for each s € S5, cf. Theorem
2.3. 3) If every element of S is completely primal in A, then S is a good
multiplicative set of A. Indeed, if s |4 ab with s € S and a,b € A, there exist
t,u € S such that s = tu and ¢ |4 a, u |4 b. Since S is saturated, t € S.
Also, s = tu |4 tb. 4) Part (iii) of Lemma 2.2. e



Corollary 2.6 ([9, Theorem 2, Corollary 4]) Let D be a domain, T C D a
saturated multiplicative set and let R denote D+ X Dr[X]| or D+ X Dr[[X]].
(a) X is primal in R if and only if T is a good multiplicative set of D.
(b) X is completely primal in R if and only if every element of T is
(completely) primal in D.

Corollary 2.7 Consider the pullback A= B x g/ A', where B is the quo-
tient field of A’ and B is a quasilocal domain. If B is a UFD, then every
element of M is primal in A. In particular, if D is a domain with quotient
field L and C = D + (X1, .., X)) L[| X1, .., X},]] with n > 1, then every f € C
with f(0) =0 is primal in C.

PROOF. Note that B’ is a field, p(U(B)) = U(B’) and " = A"\ {0} is a
good multiplicative set of A’. Since B is a quasilocal UFD, every element of
M is a products of prime elements of B and these are in M. So, Theorem
2.3 applies. o

Proposition 2.8 Let A= Bx gy A be a pullback such that S" = p(S)U(A')
and B’ = AL, .

(a) If A and B are pre-Schreier domains, then so is A.

(b) If A and B' are pre-Schreier domains, then so is A'.

PROOF. Note that B' = A ). So B = Ag, cf. part (1i1) of Lemma 2.1.
As noticed in [22, Corollary 8] the proof of [5, Theorem 2.6] shows that if D
is a domain and 7" C D a multiplicative set consisting of completely primal
elements such that Dr is a pre-Schreier domain, then D is a pre-Schreier
domain. So, we may apply part (iii) of Lemma 2.2. o

Corollary 2.9 ([8, Corollary 2.9]) Let D be a pre-Schreier domain and T C
D a multiplicative set. Let E denote Dyp[X] or Dr[[X]]. If E is a pre-Schreier
domain, then so is D + X F.

If D is a domain and b € D, let bU (D) denote {bw;w € U(D)}.

Theorem 2.10 Let A= B xg/u A" be a pullback such that M is a principal
nonzero ideal of B, say M = xzB. Set'T'= A\ zB. The following assertions
are equivalent:

(a) ? is a primal element of A,

(b) z" is a primal element of A for some n > 2,
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(¢) " is a primal element of A for allm > 2,

(d) bUB)N A # 0 for each b € B, Ag = BN Ap and S is a good
multiplicative set of A,

(e) Vp(U(B))NA # O for each b € B, Ay, = BNQ(A"), S" = p(S)U(A')
and S’ is a good multiplicative set of A,

(f) bU(B)N A# O for each b € B and for each a € T, b € B such that
ab € A, there exists t € S such that at™*, bt € A, and

() ¥p(UB))NA # 0 for each V' € B, S" = p(S)U(A) and for each
a € A\{0}, b € B such that ab € A, there exists t € S’ such that at™!,
bt e A

PROOF. Obviously (¢) = (a) = (b). We shall use freely the following remark.
Since z is prime in B, every decomposition of ", n > 1 has the form x" =
(tz")(t 'x?) witht € U(B), q+r=n,r,¢g>0andt € Sifr =0.

(b) = (d). Let n > 2 such that 2" is primal in A. Let b € B. To show
that bU(B)NA # (), we may assume that b € B\ A, sob € B\xzB. Since 2" is
primal in A and 2" |4 (bz")(bx), there exist t e U(B),0<¢<n,0<r <1,
g +r = n such that (¢t 129) |4 bz" and (tz") |4 bz. fr=0,bt € A, ifr =1
bt~! € A. Obviously, Ag C BN Ay. Conversely, let b = a/t with b € B,
a € Aandt €T. Since " is primal in A, ¢t € B and 2" |4 (bt)z™ = t(bz"),
there exists s € S such that s |4 ¢ and (s 'z") |4 bz", s0 bs € A, that is
b € Ag. In order to prove that S is a good multiplicative set of A, let s |4 ab
with s € S, a,b € A. When a € zB we may take { = s. Suppose that
a & xB. Since ™ is primal in A and 2" |4 (ab/s)z™ = a(z"b/s), there exists
t € S such that t |4 a and (¢ 'z") |4 2"b/s, s0 s |4 tb.

(f) = (c¢). Let n > 2. To show that ™ is primal in A, let 2" |4 fg with
f,g € A\ {0}. We may assume that "' g f, g, otherwise z" divides f or
gin A. We write f = Fa', g = Ga’/ with ;G € B\zB,0<i<j<n
and 7 + 7 > n. We consider the following three cases. If i = 0, so j = n,
we get '€ A\ zB and FFG € A. By (f), there exists t € S such that
t 1F G € A. Hence 2" = t(t '2") with ¢t |4 fand ¢t '2" |4 9. Hi+j=n
and i > 1, then F,G € B\ 2B and F'G € A. Since FU(B) N A # (), there
exists u € U(B) such that Fu~! € A. Note that Fu~! &€ zB. By applying
(f) to FG = (Fu ')(Gu) € A, we get Fu's™' Gus € A, for some s € S.
So,w=wu's' € U(B) and wF,w 'G € A. Hence 2" = (w 'z")(wz?) with
wlz' |4 fandwz! |4 9. fi+j>n+12>3andi > 1, then j > 2.
Since FU(B) N A # (), there exists ¢ € U(B) such that Fc € A. Hence



z" = (c1a?)(cx?™1) with ¢ 12’ |4 f and ca?™ ! |4 g.

(d) = (f). Let a € T, b € B such that ab € A. Then b€ ArN B = Ag.
So, b = d/s for some d € A and s € S. Since S is good, there exists t € S
such that at™1 t(d/s) = tb € A.

For (d) < (e), first note that, taking modulo M = xB, we see that
As = BN Arifand only if A ) = B'N QA).

(d) = (e). Since Ays) €A € B'N Q(A"), we get Aysy = A, s0 part
(1) of Lemma 2.2 applies.

(e) = (d) follows from part (i¢) of Lemma 2.2.

(f) = (g9)- That S" = p(S)U(A') follows from (f) < (e). The rest is
straightforward.

(9) = (f). Let @ € T, b € B such that ab € A. Then p(a) # 0 and
p(a)p(b) € A'. So, there exists s’ € S such that p(a)s'! p(b)s’ € A'. Since
S" = p(S)U(A'), we may assume that s’ = p(s) for some s € S. Consequently,
as 1 bsc A e

Corollary 2.11 ([9, Theorem 5]) Let C C D be an extension of domains,
S=U(D)NC and K the quotient field of C. Let B denote D|X] or D[[X]]
and A= C+ X B. The following statements are equivalent:

(a) X2 is a primal element of A,

(b) X™ is a primal element of A for some n > 2,

(¢) X™ is a primal element of A for alln > 2,

(d) BU(D)NC # O for each b € D, S is a gOOd multiplicative set of C
and Cs = DN K, and

(e) bU(D)NC # O for each b € D and whenever ab € C with a € C,
b € D nonzero elements, there exists t € S such that at™!, bt € C.

3 GCD domains

Let D be a domain. According to [3], a nonzero element x € D is called an
extractor, if D NyD is a principal ideal (that is, LC M (xz,y) exists), for each
y € D. By [1], a splitting multiplicative set S of D is said to be lem splitting,
if every element of S is an extractor. By [3, Theorem 3.1], every extractor
is completely primal. The next lemma gives a kind of converse. Recall from
[18], that a maximal common divisor (MCD) of two elements z,y € D is a
common factor d of z,y such that z/d,y/d are coprime. Also, two nonzero



elements z,y of a domain are called v-coprime if (z) N (y) = (zy). In a GCD
domain, two nonzero elements are v-coprime if and only if they are coprime.

Lemma 3.1 Let D be a domain, x a nonzero completely primal element of
D andy e D. Then z,y have an LCM if and only if x,y have an MCD.

PROOF. The ”only if” part is clear. Conversely, dividing x,y by an MCD
of them, we may assume that x,y are coprime. Assume that z | yy/, with
y' € D. Since z is primal, z can be written as x = 22’ with z | y, 2’ | ¥/
It follows that z | z,y, so z is a unit, hence x | 3. Consequently, z,y are
v-coprime, that is, their LCM is zy. e

Remark 3.2 Let D be a domain and T" C D a saturated multiplicative set
consisting of completely primal elements of D.

(i) By Lemma 3.1, T is splitting if and only if every nonzero element
a € D has a maximal divisor in 7' (i.e. an t € T such that ¢t | a and w does
not divide a/t for each nonunit w € T).

(1) By Lemma 3.1 and [1, Proposition 2.4], T" is lem splitting if and only
if T is splitting and every two elements of T have an MCD.

(iii) Let A= B x g A’ be a pullback such that S’ = p(S)U(A’) and S
consists of completely primal elements of A (hence so does S" in A', cf. part
(#i1) of Lemma 2.2). Let s € S and a € A\ M. By Lemma 3.1 and part (i)
of Lemma 2.1, LCM(a, s) exists if and only if so does LCMa/(p(s),p(a)).
In particular, every two elements of S have an LCM in A if and only if 5
has the same property in A'. e

Proposition 3.3 Let A = B xg; A" be a pullback such that A" # B/M
and x € M a prime element of B. Then x is an extractor in A if and only
if M = zB, B’ is a quotient ring of A', S' = p(S)U(A") and S’ is an lem
splitting multiplicative set in A’.

ProOOF. By Corollary 2.5, we may assume that x is completely primal in A,
every element of S (resp. S’) is (completely) primal in A (resp. A’) S =
p(S)U(A") and B = Ag (resp. B’ = A,). We also note that, if y € M \ 2B,
then S is the set of all common divisors of z,y in A, so x,y have no GCD in A.
So, we may also assume that M = xB. Let y € A\ M. Then every common
divisor of z,y in A belongs to S. By Lemma 3.1, LCMa(x,y) exists if and
only if ¥ has a maximal divisor in S, if and only if p(y) has a maximal divisor
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in S, cf. part (i) of Lemma 2.1. By part (i) of Remark 3.2, LCM4(x,vy)
exists for each y € A\ M if and only if S’ is a splitting multiplicative set of
A'. Now, lety € M, say,y =br withb € B. If b € M, then LCMa(z,y) = v.
If not, we can write b = a/s with a € A\ M and s € S. Using well known
properties of the LCM symbol, we see that LCM(z,y) exists if and only if
so does LOM4(s,a) if and only if so does LCM4:(p(s),p(a)), cf. part (iii)
of Remark 3.2. Consequently, = is an extractor in A if and only if S’ is an
lem splitting multiplicative set in A’. o

The next theorem is the main result of this paper.

Theorem 3.4 Let A = B X/ A" be a pullback such that A" # B/M and
M contains a prime element of B. Then A is a GCD domain if and only if
the following conditions hold:

(a) B is a GCD domain,

(b) B’ is a quotient ring of A’ and S" = p(S)U(A'),

(€) 8" is an lem splitting multiplicative set in A', and

(d) M is a principal ideal of B.

PROOF. The "only if” part follows from Proposition 3.3.

The ”if” part. Let z be a generator of M in B. By (c), every element of
S’ is an extractor, so a completely primal element of A’. By Corollary 2.5,
B = Ag and every element of S is completely primal in A. As argued in
the proof of Proposition 2.8, A is a pre-Schreier domain. Let a,b € A\ {0}.
According to Lemma 3.1, in order to prove that GCD(a,b) exists, it suffices
to see that a,b become coprime in A after multiplying them by a nonzero
element of A and/or factoring out a common divisor of them, several times.
Let d = GCDg(a,b). Multiplying with some s € S, we may assume that
d,a/d,b/d € A. Factoring out d, we may assume that a,b are coprime in B.
Consequently, every common divisor of a,b in A belongs to S. In particular,
x Jg a or z Jpb. We separate two cases.

Case 1: x [ a, z |p b. Since S’ = p(S)U(A') is splitting in A', there exist
s € S, c € Asuch that p(a) = p(s)p(c) and p(c) is v-coprime to every element
of S’. By Lemma 2.1, s |4 a. Also, s |4 b, because b € M. Dividing a,b by s,
we may assume that p(a) is v-coprime to every element of S’. We claim that
a,b are coprime in A. Indeed, if w |4 a,b, then w € S and p(w) |4 p(a), so
p(w) |4 1, hence w |4 1, by Lemma 2.1.

Case 2: z Jp a, x [p b. Since S = p(S)U(A') is splitting in A,
there exist s,t, ¢,d € A such that p(a) = p(s)p(c), p(b) = p(t)p(d) and
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p(c),p(d) are v-coprime to every element of p(S). Let k € S, such that
p(k) = GCDai(p(s),p(t)). Since p(k) |ar p(a),p(b), we get k |4 a,b, cf. part
(1) of Remark 2.1. Factoring out k from a,b, we may assume that p(s), p(t)
are v-coprime in A’. We claim that a,b are coprime in A. Indeed, let w € A
such that w |4 a,b. By a previous reduction, w € S. Hence p(w) |4 p(s), p(?),
because p(c), p(d) are v-coprime to p(w). So p(w) |4 p(1), thus w |4 1. e

Corollary 3.5 ([6, Theorem 1.1], [4, Theorem 2.11]) Let C C D be an
extension of domains, set T'=U(D)N C and let E denote D[X] or D[[X]].
Then C+XFE is a GCD domain if and only if both of C, E/ are GCD domains,
D = Cyp and T s a splitting multiplicative set of C.

Remark 3.6 We keep the notations of Theorem 3.4 and assume that A is a
GCD domain.

(1) By [13, Theorem 3.1], A’ is a GCD domain if and only if so is B'.

(1) In the following example, A" is not a GCD domain. We take B =
Z[X]s, where S = {1,5,52,..}, B' = Z[\/=3|s, p : B — B’ is the Z-algebra
homomorphism sending X into /=3 and A’ = Z[/—3]. Note that B/M =
B, where M = (X% + 3)Zs[X]. We may apply Theorem 3.4, because S is
generated by a prime element of the Noetherian domain A’ and p(U(B)) =
U(B’). By pullback, we obtain the GCD domain A = B xg/ A' = Z[X] +
(X? + 3)Zs[X].

(1i4) If M does not contain prime elements, Theorem 3.4 fails, as the
next example shows. We take the pullback A = B x g/, A, where B =
ZIY/2l + XZ[Y/2]s[X] with S = {1,2,4,...,2" .}, B = Z[Y/2], M the
kernel of the canonical homomorphism B — B’ and A’ = Z[Y]. So, A =
BxpgmA' =Z[Y|+XZ[Y]s[X]. All therings A, A’, B, B' are GCD domains,
but B’ is not a quotient ring of A'.

(iv) In [10, Theorem 4.2] and [16, Corollaries 3.4 and 3.5], there are given
necessary and sufficient conditions for A to be a GCD domain, in the case
when M is a maximal ideal, not necessarily containing prime elements.

Corollary 3.7 Let D be a domain, QQ a prime ideal of D and x € () a prime
element. If D/zD is a UFD and Dg is a GCD domain, then D 4+ xDg is a
GCD domain.

PROOF. By [6, Corollary 1.2], every multiplicative set of a UFD is split-
ting, hence good. We can apply Theorem 3.4 for the pullback D + 2Dg =
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Dg X pgjapy D/xD, cf. part (i7) of Lemma 2.1 and ”(e) < (f)” in Theorem
23. e

Cf. [11, Proposition 11.8], D= C[X)Y, Z]/(X? + Y2 + Z? — 1)=Clx,y, 2] is
not a UFD, but D/X D is so. Hence we may apply the preceding corollary for
D, Q= (XY, Z—-1)D and z = X (note that Dg is a regular local ring). We
obtain the GCD domain Cly, z] + 2C|z, y, 2](z,y,.—1), Where z? + y* + 2% = 1.

Corollary 3.8 Let D be a domain and x,f € D such that x is a prime
element of D and f +xD is a prime element of D/xD. Then D+ xzD; is a
GCD domain if and only if D is a GCD domain and Np>1(f"D+aD) = zD.

PROOF. We apply Theorem 3.4 for the pullback D + 2Dy = Dy Xp,/ap,
D/xD. Since f+ xD is prime in D/xD, we get that S" = p(S)U(A’') and S’
is consisting of extractors. So, D + xD; is a GCD domain if and only if so
is Dy and S’ is splitting in A". Apply [2, Proposition 1.6]. Notice that the
example in part (ii) of Remark 3.6 is of this type. ®

We intend to specialize Theorem 3.4 to the case of semirigid domains and
then for the GCD domains of finite {-character. We bring in some new
terminology. Let D be an integral domain. Cf. [19], we recall that an
element x € D is said to be rigid, if whenever r,s € D and r, s | x, we have
r | sors|r. Then D is called semirigid if every nonzero nonunit element of
D can be expressed as a product of a finite number of rigid elements. Any
UFD or valuation domain is a GCD semirigid domain.

Proposition 3.9 Let A = B xgm A’ be a pullback such that A’ # B/M,
M = xB is a principal nonzero ideal of B and Np>1M™ = 0. Assume that A
is a GCD domain. Then A is a semirigid domain if and only if so is B and
for every two elements of S’ one of them divides the other in A’.

PROOF. By part (7) of Lemma 2.1, the last part of the condition is equivalent
to the same condition for S in A. Assume that A is a semirigid domain. Then
so is Ag, cf. [20, Remark 1]. Since each decomposition of  in A is of type
x = s(x/s) for some s € S, some x/s has to be rigid. But the elements
of S are divisors of /s, so for every two elements of S one of them has to
divide the other. Conversely, assume that S satisfies this condition and B
is semirigid. Then s,z/s are rigid elements for every s € S. Let f be a
nonzero nonunit of A. We show that f is a product of rigid elements. If
[ € M, we write f = z'(a/s) for some i >1,a € A\ M and s € S. Since

13



[ =12""1(z/s)a, it suffices to consider only the case f & M. Since B = Ag is
semirigid, there exist s, € S and hy, ..., h, € A\ M such that sf = thy...h,
and hy, ..., h, are rigid in A. Since S’ is splitting in A" and 5" = p(S)U(A'),
we may assume that s =1 =1 and [, hq, ..., h, are coprime to every element
of S. Then every h; is rigid in A. Indeed, if ¢,7 |4 h;, then, say, ¢ |z 7, hence
q |a rw for some w € S. But ¢ is also coprime to every element of S, so
glar. e

Corollary 3.10 Let C' C D be an exstension of domains, set T =U(D)NC
and let E/ denote D[X] or D[[X]]. Assume that C + XE is a GCD domain.
Then C'+ X E is a semurigid domain if and only if I/ semarigid and for every
two elements of T one of them divides the other in D.

Recall that an ideal I of a domain D is called a t-ideal if for every finitely
generated ideal J C I, (J1)™' C I. If D is a GCD-domain, then [ is a
t-ideal of D if and only if GCD(x,y) € I for every z,y € I. A maximal ideal
in the set of all proper t-ideals is called a maximal t-ideal. 1t is well known
that a maximal t-ideal is a prime ideal. A domain D is called a domain of
finite t-character, if every nonzero nonunit element of DD belongs to finitely
many maximal t-ideals. As a consequence of the main result of [7], it follows
that a GCD-domain is of finite {-character if and only if for every infinite
sequence (z,), of mutually v-coprime nonunits of D, N,v/z,D = 0.

Proposition 3.11 Let A= B xg/u A be a pullback such that A # B/M,
M = xB is a principal nonzero ideal of B and Np>1M™ = 0. Assume that A
is a GCD domain. Then A is of finite t-character if and only if so is B and
there is no infinite sequence of elements of S" which are mutually v-coprime

n A

PrROOF. By Lemma 2.1, Remark 3.2 and Lemma 3.1, the last part of the
condition is equivalent to the same condition for S in A. The "only if” part
is a consequence of [14, Theorem 7 and Proposition 12] and of the fact that
every element of S divides z. Conversely, assume there exists a nonzero
nonunit f € A and an infinite sequence (g,), of mutually coprime nonzero
nonunits of A such that f € N,v/¢g.A. In both cases below we shall contradict
the assumption made on S. If f € S, then each g, is in S. If not, then all
but finitely many of g,s are in S. Indeed, the elements g, remain mutually
coprime in B and B is a domain of finite t-character. e
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Corollary 3.12 Let C C D be an estension of domains, set T =U(D)NC
and let E/ denote D[X] or D[[X]]. Assume that C + XE is a GCD domain.
Then C' + X FE is a domain of finite t-character if and only if E semirigid
and if and only if so is E and there is no infinite sequence of elements of T’
which are mutually coprime in D.
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