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Abstract. Let D be an integral domain with quotient field K, D̄ the integral

closure of D, X an indeterminate over D, and Nv = {f ∈ D[X ]|(Af )v = D}.
Let w be the ∗-operation on D defined by Iw = {x ∈ K| there is a finitely
generated ideal A such that A−1 = D and xA ⊆ I}, and let Dw = {u ∈
K|uIw ⊆ Iw for some nonzero finitely generated ideal I of D}. Then Dw,

called the w-integral closure of D, is an integrally closed overring of D. In this

paper, we show that Dw = D̄[X]Nv ∩K and Dw[X ]Nv = D̄[X ]Nv . Using this

result, we give several w-integral closure analogs of the integral closure. We

also study the w-integral closure of UMT-domains and strong Mori domains.

introduction

Let D be an integral domain with quotient field K. An overring of D means a

ring between D and K. It is well known that an element u ∈ K is integral over

D if and only if uI ⊆ I for some nonzero finitely generated ideal I of D (cf. [22,

Theorem 12]) and that u is almost integral over D if and only if there is a nonzero

ideal I of D such that uI ⊆ I (cf. [16, Lemma 3.1]). Recall that an element u ∈ K

is pseudo-integral over D if uIv ⊆ Iv for some nonzero finitely generated ideal I of D

(see [7]). Recently, Wang introduced another type of integrality. As in [29], we say

that an element u ∈ K is w-integral over D if uIw ⊆ Iw for some nonzero finitely

generated ideal I of D. Let Dw = {x ∈ K|x is w-integral over D}. It is known that
Dw is an integrally closed overring of D (see [29, §3] or Theorem 1.3); Dw is called

the w-integral closure of D. If D = Dw, we say that D is w-integrally closed. It is

clear that “u integral ⇒ u w-integral ⇒ u pseudo-integral ⇒ u almost integral”,

and therefore D ⊆ D̄ ⊆Dw ⊆ D̃ ⊆ D∗, where D̄ (resp., Dw, D̃, D∗) is the integral
closure (resp., w-integral closure, pseudo-integral closure, complete integral closure)

of D. Moreover, D completely integrally closed ⇒ D pseudo-integrally closed ⇒
D w-integrally closed ⇒ D integrally closed; if D is a Noetherian domain, then

D̄ = Dw = D̃ = D∗; if D is an SM-domain, then Dw = D̃ = D∗; and if D is a Mori

domain, then D̃ =D∗. (Definitions follow.)
To facilitate the reading of the introduction and of the paper, we first review

basic facts on ∗-operations. Let F(D) be the set of nonzero fractional ideals of D.
A mapping ∗ : F(D)→ F(D) is called a ∗-operation on D if ∗ satisfies the following
three conditions for all 0 6= a ∈ K and all I, J ∈ F(D):
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(1) D∗ = D and (aI)∗ = aI∗,
(2) I ⊆ I∗, and if I ⊆ J , then I∗ ⊆ J∗, and
(3) (I∗)∗ = I∗.

Given two fractional ideals I, J ∈ F(D), we have (IJ)∗ = (I∗J)∗ = (I∗J∗)∗. An
I ∈ F(D) is called a ∗-ideal if I∗ = I . A ∗-ideal I ∈ F(D) is of finite type if
I = (a1, . . . , an)

∗ for some (0) 6= (a1, . . . , an) ⊆ I. An I ∈ F(D) is said to be
∗-invertible if (II−1)∗ = D. Let ∗-Max(D) denote the set of ∗-ideals of D maximal

among proper integral ∗-ideals of D. A ∗-operation is said to be of finite character
if I∗ = ∪J∗, where J ranges over all nonzero finitely generated subideals of I. It is
easily verified that if ∗ is a finite character ∗-operation on D, then ∗-Max(D) 6= ∅
and every nonzero integral ideal is contained in a maximal ∗-ideal when D is not a

field. The most famous ∗-operations are the so-called v-operation and t-operation.

The v-operation is defined by Iv = (I
−1)−1, where I−1 = (D : I) = {x ∈ K|xI ⊆

D}, whereas the t-operation is It = ∪{Jv|(0) 6= J ⊆ I is a finitely generated deal}.
The w-operation is a mapping I 7→ Iw = {x ∈ K|Jx ⊆ I for some J ∈ GV (D)},
where GV (D) is the set of finitely generated ideals J of D with J−1 = D. Clearly

Iw ⊆ It ⊆ Iv (and hence v-ideals are t-ideals and t-ideals are w-ideals). It is

known that w-Max(D) = t-Max(D) and Iw = ∩P∈t-Max(D)IDP = ID[X]Nv ∩ K

([1, Corollaries 2.13 and 2.17] and [12, Lemma 2.1(2)]). Recall that D is a Mori

domain (resp., strong Mori domain (SM-domain)) if D satisfies the ascending chain

condition on integral v-ideals (resp., w-ideals). Also, recall that D is a Prüfer

v-multiplication domain (PVMD) if every finitely generated ideal I ∈ F(D) is t-
invertible.

Let D be an integral domain. Throughout this paper, qf(D) denotes the quo-

tient field of D; D̄ (resp., Dw, D̃, D∗) is the integral closure (resp., w-integral
closure, pseudo-integral closure, complete integral closure) of D in qf(D); X is an

indeterminate over D; D[X] is the polynomial ring over D; the content of a poly-

nomial f ∈ qf(D)[X], denoted by Af , is the fractional ideal of D generated by the

coefficients of f ; and Nv(D) = {f ∈ D[X]|(Af)v =D}.
In Section 1, we show that Dw is t-linked over D; Dw = D̄[X]Nv(D) ∩ qf(D);

and D̄[X]Nv(D) = Dw[X]Nv(D). Using these results, we give several w-integral

closure analogs of the integral closure. We also construct an integral domain R

such that R ( R̄ ( Rw ( R̃ ( R∗. It is known that D is a UMT-domain if and

only if D̄[X]Nv(D) is a Prüfer domain [15, Theorem 2.5], if and only if Dw is a

wD-multiplication domain [29, Theorem 4.2]. (See Lemma 2.3 for the definition of

the wD-operation.) We prove in Section 2 that D is a UMT-domain if and only

if Dw is a PVMD and t-Max(Dw) = {Q ∈ Spec(Dw)|Q ∩D ∈ t-Max(D)}, if and
only if Dw is a PVMD and Dw[X]Nv(D) = Dw[X]Nv(Dw), if and only if D

w is a

PVMD and the pair D, Dw satisfies the property that for a prime ideal Q of Dw,

(Q ∩ D)t ( D implies Qt ( Dw. Recall that if D is a Noetherian domain, then

D̄ = D∗ and D∗ is a Krull domain [26, Theorem 33.10]. In Section 3, we generalize
this fact to SM-domains, i.e., we show that if D is an SM-domain, then Dw = D∗

and D∗ is a Krull domain. We also prove that if D is a weakly (resp., an almost

weakly) factorial SM-domain, then D∗ is a factorial (resp., an almost factorial)
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domain and that if D is a Noetherian domain with dim(D) = 1, then D is a weakly

(resp., an almost weakly) factorial domain if and only if each overring of D is a

weakly (resp., an almost weakly) factorial domain.

1. w-integrality

Let D ⊆ R be an extension of integral domains. Then R is said to be t-linked

over D if, for each finitely generated ideal I of D, I−1 = D implies (IR)−1 = R.

Recall that if R is an overring of D, then R is t-linked over D if and only if,

for each prime t-ideal Q of R, (Q ∩D)t ( D [14, Proposition 2.1], if and only if

R = R[X]Nv(D) ∩ qf(R) [12, Lemma 3.2].
We begin this section with some characterizations of “t-linkedness”, which are

essential in the subsequent arguments.

Proposition 1.1. Let D ⊆ R be an extension of integral domains.

(1) The following statements are equivalent.

(a) R is t-linked over D.

(b) For each prime t-ideal Q of R with Q ∩D 6= (0), (Q ∩D)t ( D.

(c) R = R[X]Nv(D) ∩ qf(R), where X is an indeterminate over R.

(2) If R is an overring of D, then R is t-linked over D if and only if R is

defined by a family of overrings {Rα} such that each Rα contains DP for

some maximal t-ideal P of D.

Proof. (1) (a)⇔ (b) See [2, Proposition 2.1]. (a)⇔ (c) See the proof of [12, Lemma

3.2].

(2) (⇒) Recall that R is t-linked over D if and only if R = ∩RD\P , where P
ranges over the prime t-ideals of D [14, Proposition 2.13]. Thus {RD\P |P is a prime
t-ideal of D} is a desired family of overrings of R.
(⇐) Suppose that R is defined by a family of overrings {Rα} such that each Rα

contains DP for some P ∈ t-Max(D). Let A be a nonzero finitely generated ideal

of D with A−1 = D. Then A * P , and hence ADP = DP for all P ∈ t-Max(D).

So DP = ADP ⊆ ARα for some P ∈ t-Max(D). But this forces 1 ∈ ARα ensuring

ARα = Rα. Now, let ∗ be the star operation on R induced by {Rα} [17, Theorem
32.5]. Then for A with the above description, we have R = (AR)∗ ⊆ (AR)v ⊆ R.

Hence (AR)v = R, and thus (AR)−1 = R. ¤

Lemma 1.2. The w-integral closure Dw of D is t-linked over D.

Proof. Let K = qf(D), Nv = Nv(D), and R an overring of D. Note that R is

t-linked over D if and only if R = R[X]Nv ∩K (Proposition 1.1(1)); so it suffices

to show that Dw = Dw[X]Nv
∩K. Clearly Dw ⊆ Dw[X]Nv

∩K. For the reverse
containment, let u = f

g ∈ Dw[X]Nv
∩ K, where g ∈ Nv and f ∈ Dw[X]. Let

f = a0+a1X+· · ·+anXn ∈ Dw[X]. Since each ai ∈ Dw, there is a nonzero finitely

generated ideal Ji of D such that ai(Ji)w ⊆ (Ji)w. Let I = J1 · · · Jn. Then I is

a nonzero finitely generated ideal such that aiIw = (aiJiJ1 · · · Ji−1Ji+1 · · ·Jn)w ⊆
(JiJ1 · · · Ji−1Ji+1 · · ·Jn)w = Iw. So Af Iw ⊆ Iw, and hence uIw = u((Ag)wI)w =
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u(AgI)w = (uAgI)w = (AfI)w = (Af Iw)w ⊆ (Iw)w = Iw (note that (Ag)w = D

since t-Max(D) = w-Max(D) [1, Corollary 2.17]). Therefore, u ∈ Dw. ¤

Let D be a Noetherian domain. Then D̄ = Dw = D∗, and thus Lemma 1.2
gives another proof of the well-known fact that D̄ is t-linked over D [14, Corollary

2.3]. We next give the main result of this section, which is very useful for the study

of w-integrality. This result also shows that Dw is the smallest integrally closed

t-linked overring of D [14, Proposition 2.13(b)] and that D̄ is t-linked over D if and

only if D̄ = Dw (Proposition 1.1(1)).

Theorem 1.3. Let K be the quotient field of D and Nv = {f ∈ D[X]|(Af )v = D}.
(1) Dw = D̄[X]Nv ∩K = ∩P∈t-Max(D)D̄D\P .
(2) Dw[X]Nv = D̄[X]Nv .

Proof. Note that D̄[X]Nv
is the integral closure ofD[X]Nv

since D̄[X] is the integral

closure of D[X].

(1) (Proof of Dw = D̄[X]Nv ∩ K.) Let u ∈ Dw. Then uIw ⊆ Iw for some

nonzero finitely generated ideal I of D⇒ uID[X]Nv = uIwD[X]Nv ⊆ IwD[X]Nv =

ID[X]Nv [12, Lemma 2.1(2)] ⇒ u is integral over D[X]Nv [22, Theorem 12] ⇒
u ∈ D̄[X]Nv

∩K. So Dw ⊆ D̄[X]Nv
∩K. Note that D̄ ⊆ Dw and Dw is t-linked

over D (Lemma 1.2). HenceDw ⊆ D̄[X]Nv
∩K ⊆ Dw[X]Nv

∩K = Dw (Proposition

1.1(1)), and thus Dw = D̄[X]Nv ∩K.
(Proof of D̄[X]Nv ∩K = ∩P∈t-Max(D)D̄D\P .) Let R = ∩P∈t-Max(D)D̄D\P . Then

D̄ ⊆ R and R is t-linked over D (Proposition 1.1(2)); so D̄[X]Nv ∩K ⊆ R[X]Nv ∩
K = R (Proposition 1.1(1)). For the reverse containment, note that D̄[X]Nv

=

∩P∈t-Max(D)(D̄[X]Nv
)(D[X ]Nv\P [X ]Nv ) since D̄[X]Nv

is integral over D[X]Nv
and

Max(D[X]Nv) = {P [X]Nv |P ∈ t-Max(D)} [21, Proposition 2.1(2)]. Also, note that
(D̄[X]Nv)(D[X]Nv\P [X]Nv ) = D̄[X]D[X ]\P [X ] ⊇ D̄D\P for all P ∈ t-Max(D). Thus

D̄[X]Nv ∩K ⊇ ∩P∈t-Max(D)D̄D\P = R.

(2) Let f
g
∈ Dw[X]Nv

, where f ∈ Dw[X] and g ∈ Nv. Note that g and powers

of X are units of D[X]Nv
and that the coefficients of f are integral over D[X]Nv

(see the proof of (1)). Hence f
g
is integral over D[X]Nv

[22, Theorem 13], and thus
f
g ∈ D̄[X]Nv . The reverse containment is clear because D̄ ⊆ Dw. ¤

As in [22, page 28], INC, GU, and LO denote Incomparable, Going up, and Lying

over, respectively. It is well known that if R ⊆ T are rings with T integral over R,

then the pair R, T satisfies INC, GU, and LO [22, Theorem 44].

Corollary 1.4. (1) (Dw)w = Dw and (D̄)w = D̄.

(2) If R is a t-linked overring of D, then Dw ⊆ Rw.

(3) The pair D, Dw satisfies INC, GU, and LO for prime w-ideals of D.

(4) Dw is the intersection of t-linked valuation overrings of D.

Proof. LetK = qf(D) andNv = Nv(D). Note thatD
w = D̄[X]Nv∩K;Dw[X]Nv =

D̄[X]Nv
; and D̄[X]Nv

is the integral closure of D[X]Nv
(Theorem 1.3).

(1) Since Dw and D̄ are integrally closed, (Dw)w = Dw[X]Nv(Dw) ∩ K =

Dw[X]Nv(Dw) ∩K =Dw and (D̄)w = D̄[X]Nv(D̄) ∩K = D̄[X]Nv(D̄) ∩K = D̄.
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(2) Note that D̄ ⊆ R̄ and Nv ⊆ Nv(R); so D̄[X]Nv ⊆ R̄[X]Nv(R). Thus D
w =

D̄[X]Nv ∩K ⊆ R̄[X]Nv(R) ∩K = Rw.

(3) (LO) Let P be a prime ideal of D such that Pw ( D. Then as Pt ( D (cf.

[1, Corollary 2.17]), we have P [X]∩Nv = ∅; hence P [X]Nv
is a proper prime ideal

of D[X]Nv
. So by [22, Theorem 44], there is a prime ideal A of Dw[X]Nv

lying over

P [X]Nv since D
w[X]Nv is integral over D[X]Nv . Thus A ∩Dw is a prime ideal of

Dw such that (A ∩Dw) ∩D = P .

The properties of (INC) and (GU) also follow directly from [22, Theorem 44],

Lemma 1.2, and the fact that Dw[X]Nv
is integral over D[X]Nv

.

(4) Note that Dw[X]Nv
is the integral closure of D[X]Nv

; so Dw[X]Nv
is the

intersection of valuation overrings of D[X]Nv [17, Theorem 19.8]. Let {Wα} be the
set of valuation overrings of D[X]Nv , and let Vα = Wα ∩ K. Then each Vα is a

valuation overring of D [17, Theorem 19.16] and Dw =Dw[X]Nv ∩K = (∩αWα) ∩
K = ∩α(Wα ∩K) = ∩αVα. Moreover, note that Dw[X]Nv

⊆ Vα[X]Nv
⊆ Wα; so

Vα ⊆ Vα[X]Nv
∩K ⊆ Wα ∩ K = Vα, and hence Vα[X]Nv

∩K = Vα. Thus Vα is

t-linked over D by Proposition 1.1(1). ¤

Remark 1.5. (1) Corollary 1.4(1) shows that D is integrally closed if and only if

D is w-integrally closed.

(2) Let D be an integral domain such that D̄ is not t-linked over D (see, for

example, [13, Example 4.1]). Then D̄ (Dw (Lemma 1.2) and (D̄)w = D̄ (Corollary

1.4(1)); hence (D̄)w (Dw. Thus for Corollary 1.4(2), we need the assumption that

R is t-linked over D.

(3) Corollary 1.4(3) is a special case of [29, Theorem 3.3].

Lemma 1.6. Let R be an overring of D and {Xα} a nonempty set of indetermi-
nates over D. Then R is t-linked over D if and only if R[{Xα}] is t-linked over
D[{Xα}].
Proof. This follows directly from the following fact: Let S be an integral domain,

and let {Xβ} be a nonempty set of indeterminates over S. Let Q be a maximal

t-ideal of S[{Xβ}]. If Q ∩ S = (0), then htQ = 1 (see, for example, [12, the proof

of Theorem 1.4]). If Q∩ S 6= (0), then Q = (Q∩ S)[{Xβ}] and Q∩ S is a maximal
t-ideal of S [15, Proposition 2.2]. ¤

Let D be an integral domain such that D̄ is not t-linked over D. Then since

D̄[{Xα}] is the integral closure of D[{Xα}], by Lemma 1.6 the integral closure of
D[{Xα}] is not t-linked over D[{Xα}]. The following result is another nice property
of w-integrality.

Proposition 1.7. Let {Xα} be a nonempty set of indeterminates over D. Then
(D[{Xα}])w =Dw[{Xα}]
Proof. (⊆) Let t be an indeterminate over D[{Xα}], S = Nv(D[{Xα}]), and
K({Xα}) = qf(D[{Xα}]). Then (D[{Xα}])w = (D[{Xα}])[t]S ∩ K({Xα}) =
(D̄[{Xα}])[t]S ∩K({Xα}) ⊆ (Dw[{Xα}])[t]S ∩K({Xα}) = Dw[{Xα}] by Proposi-
tion 1.1(1) and Lemma 1.6.
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(⊇) Let u ∈ Dw. Then there is a nonzero finitely generated ideal J of D such

that uJw ⊆ Jw. Now, since Jw[{Xα}] = (J [{Xα}])w (cf. [18, Proposition 4.3] for
one indeterminate), we have u ∈ (D[{Xα}])w. So Dw ⊆ (D[{Xα}])w, and thus
Dw[{Xα}] ⊆ (D[{Xα}])w. ¤

We end this section by using the D +M construction to construct an integral

domain R such that R ( R̄ ( Rw ( R̃ ( R∗.

Example 1.8. Let D be an integral domain with quotient field K such that D̄

is not t-linked over D (see [13, Example 4.1] for such an integral domain), and let

K ( F be an algebraic field extension. Let V be a 2-dimensional valuation domain

of the form F (t) +M, where t is an indeterminate over F . Finally, let R = D+M

and D1 the integral closure of D in F . Then

(1) R̄ =D1 +M and R̃ = V .

(2) D1 is not t-linked over D; so D1 +M is not t-linked over R.

(3) R̄ ( Rw ⊆ F +M ( V .

(4) V ( R∗.

Therefore, R ( R̄ ( Rw ( R̃ ( R∗.

Proof. (1) See [9, Theorem 2.1(b)] for R̄ = D1 +M (note that F is algebraically

closed in F (t)) and [7, Proposition 1.8(ii)] for R̃ = V .

(2) Suppose that D1 is t-linked over D. Then D1[X]Nv(D)∩F =D1 (Proposition

1.1(1)), and hence Dw = D̄[X]Nv(D) ∩K ⊆ D1[X]Nv(D) ∩K = (D1[X]Nv(D) ∩F )∩
K = D1 ∩K = D̄ (Theorem 1.3). So Dw = D̄, which is contrary to the fact that

D̄ ( Dw (Lemma 1.2). Therefore, D1 is not t-linked over D.

Recall that if I is a nonzero ideal of D (resp., D1), then (I +M)t = It +M (cf.

[8, Proposition 2.4]); so P is a maximal t-ideal of D (resp., D1) if and only if P +M

is a maximal t-ideal of D +M (resp., D1 +M). Since D1 is not t-linked over D,

there is a prime t-ideal Q ofD1 such that (Q∩D)t = D (Proposition 1.1(1)). Hence

Q+M is a prime t-ideal of D1+M such that ((Q+M)∩R)t = ((Q∩D) +M)t =

(Q ∩D)t +M = D +M = R. Thus D1 +M is not t-linked over R.

(3) Since R̄ = D1 +M by (1) and R̄ is not t-linked over R by (2), we have

R̄ ( Rw by Lemma 1.2. Note that F +M is quasi-local with maximal ideal M and

M is a t-ideal of R [8, Proposition 2.1(3)]; so F +M is t-linked over R. Therefore,

Rw = R̄[X]Nv(R) ∩ qf(R) ⊆ (F +M)[X]Nv(R) ∩ qf(R) = F +M ( V by Theorem

1.3 and Proposition 1.1(1).

(4) Since M is an ideal of V , VM ⊆ M , and hence V ⊆ R∗. Let a, b ∈M such

that (0) 6=√bV ( √aV =M . Then for each positive integer n, there is an xn ∈ V

such that b = anxn. Since an 6∈ √bV and
√
bV is a prime ideal of V , we have

that xn ∈
√
bV ⊆ M ⊆ R. Hence 1

a is almost integral over R, and
1
a ∈ R∗ \ V .

Therefore, V ( R∗ ¤

2. the w-integral closure of umt-domains

Let D ⊆ R be an extension of integral domains. Then D is said to be t-

linked under R if whenever 0 6= a1, . . . , an ∈ D with ((a1, . . . , an)R)v = R, then
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((a1, . . . , an)D)v = D. The concept of “t-linked under” was introduced by Ander-

son and Zafrullah [5] when R is an overring of D. It is easy to see that D is t-linked

under R if and only if Nv(R) ∩D[X] ⊆ Nv(D), if and only if (PR)t ( R for each

prime t-ideal P of D. Recall that R is t-linked over D if and only if (Q∩D)t ( D

for each prime t-ideal Q of R with Q∩D 6= (0) (Proposition 1.1(1)), and note that
“t-linked under” sounds like the converse of the notion of “t-linked over”. So it is

natural to ask if D t-linked under R is equivalent to the following condition;

(#) for each prime ideal Q of R with Q ∩D 6= (0), (Q ∩D)t ( D implies Qt ( R.

However, there is no relationship between “t-linked under” and the property (#).

For example, let P = 2Z, and let R = ZP . Then the pair Z, R satisfies (#), but

Z is not t-linked under R (note that (3ZR)t = R and (3Z)t ( Z). Let D be a

two-dimensional local Noetherian domain with maximal ideal P such that Pt = P

and D̄ has a height-one prime ideal lying over P . Then D is t-linked under D̄, but

the pair D, D̄ does not satisfy (#). However, as we shall see in the sequel, the

property (#) does play an important role. We next give an explicit example (for

more details of this example, see [6, Remark 2.7(b)] and [20, Example 28] ).

Example 2.1. Let X, Y be indeterminates over C and S = C[X, Y ]. Let T1 ⊆
C(X, Y ) be a DVR with maximal ideal P such that T1 = C+P with (X, Y )S ⊆ P ,

and let T2 = C[X, Y ](X−1,Y ). Then T = T1 ∩ T2 is a two-dimensional Noetherian
factorial domain with exactly two maximal ideals, M = P ∩ T and N = (X −
1, Y )(X−1,Y ) ∩ T , where htM = 1 and htN = 2. Note that T = C +M , and let

R = C + (M ∩ N). Then R is a two-dimensional local Noetherian domain with

maximal ideal M ∩N and R̄ = T .

Let D = R+ (M ∩N). Then D is a Noetherian domain [11, Theorem 4] (since

[C : R] = 2 < ∞), ht(M ∩ N) = 2, and (M ∩ N)t ( D. It is clear that R is

integral over D and qf(D) = qf(R); so D is local (cf. [22, Theorem 44]) and

T = D̄ [17, Corollary 9.5] because T = R̄. Since htM = 1, Mt =M in T , and thus

((M ∩N)T )t ⊆ Mt = M ( T . Therefore, D is t-linked under T . But the pair D,

T does not satisfy (#) since N ∩D = M ∩N is a prime t-ideal of D, but Nt = T

(note that T is a UFD and htN = 2).

An extension D ⊆ R of integral domains is called a root extension if, for each

x ∈ R, there is a positive integer n = n(x) such that xn ∈ D. It is well known that

D is an almost GCD-domain if and only if D̄ is an almost GCD-domain, D ⊆ D̄ is

a root extension, and D is t-linked under D̄ [5, Theorem 5.9]. (Recall that D is an

almost GCD-domain if for 0 6= x, y ∈ D, there exists a positive integer n = n(x, y)

such that xnD ∩ ynD is principal.)

Proposition 2.2. Let R be an overring of D.

(1) If R ⊆ Dw and the pair D, R satisfies (#), then D is t-linked under R.

(2) If R is a root extension of D, then D is t-linked under R if and only if the

pair D, R satisfies (#).
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Proof. (1) Let P be a prime t-ideal of D. Then P is a prime w-ideal of D, and

hence there is a prime ideal Q of R such that Q∩D = P (cf. Corollary 1.4(3)); so

Qt ( R by assumption. Hence (PR)t ⊆ Qt ( R, and thus D is t-linked under R.

(2) Assume that D is t-linked under R, and let Q be a nonzero prime ideal of

R such that (Q ∩D)t ( D. If Qt = R, then there are some 0 6= x1, . . . , xk ∈ Q

such that ((x1, . . . , xk)R)v = R. Also, since D ⊆ R is a root extension, there is

a positive integer n such that xni ∈ D. Clearly ((xn1 , . . . , x
n
k )R)v = R, and hence

((xn1 , . . . , x
n
k )D)v = D by assumption; so (Q∩D)t = D, a contradiction. Thus Qt (

R. The converse is an immediate consequence of (1) because R ⊆ D̄ ⊆ Dw. ¤

Lemma 2.3. Let R be a t-linked overring of D and K the quotient field of D.

Then the mapping I 7→ IwD = IR[X]Nv(D) ∩K is a finite character ∗-operation on
R.

Proof. Let 0 6= a ∈ K and let I, J be nonzero fractional ideals of R. First, note

that R = R[X]Nv(D) ∩K (Proposition 1.1(1)) and (aI)wD = aIR[X]Nv(D) ∩K =

a(IR[X]Nv(D)∩K) = aIwD ; so IwD is a nonzero fractional ideal of R and (aI)wD =

aIwD . It is clear that I ⊆ IwD ; if I ⊆ J , then IwD ⊆ JwD ; and (IwD)wD = IwD .

Hence wD is a ∗-operation on R. Next, to show that wD is of finite character, let

{Jα} be the set of nonzero finitely generated subideals of I. Then I = ∪αJα and
IwD = IR[X]Nv(D) ∩K = (∪αJα)R[X]Nv(D) ∩K

= (∪α(JαR[X]Nv(D))) ∩K = ∪α(JαR[X]Nv(D) ∩K)
= ∪α(Jα)wD .

Thus the wD-operation is a finite character ∗-operation on R. ¤

Let R be a t-linked overring of D, and let I be a nonzero fractional ideal of R.

Then IwD = IR[X]Nv(D) ∩ qf(R) ⊆ IR[X]Nv(R) ∩ qf(R) = Iw [12, Lemma 2.1(2)]

since Nv(D) ⊆ Nv(R). Moreover, if R = D, then IwD = Iw.

Lemma 2.4. The following statements are equivalent for an integral domain D.

(1) The pair D, Dw satisfies (#).

(2) t-Max(Dw) = {Q ∈ Spec(Dw)|Q ∩D ∈ t-Max(D)}.
(3) Dw[X]Nv(D) = Dw[X]Nv(Dw).

(4) t-Max(Dw) = wD-Max(D
w).

Proof. (1) ⇒ (2) First, note that for each prime t-ideal Q of Dw, (Q ∩D)t ( D

(Proposition 1.1(1)) since Dw is t-linked over D (Lemma 1.2). Thus if Q ∩D ∈ t-

Max(D), then Q ∈ t-Max(Dw) by Corollary 1.4(3). For the reverse containment,

assume that Q is a maximal t-ideal of Dw, and let P ∈ t-Max(D) containing

Q∩D. By Corollary 1.4(3), there is a prime ideal Q0 of Dw such that Q ⊆ Q0 and
Q0 ∩D = P . So Q = Q0 since Q0t ( Dw by (1) and Q is a maximal t-ideal. Thus

Q ∩D = P .

(2) ⇒ (3) For easy reference, we first recall that for any integral domain R,

Max(R[X]Nv(R)) = {P [X]Nv(R)|P ∈ t-Max(R)} [21, Proposition 2.1]. Let A be a

maximal ideal ofDw[X]Nv(D), and let Q = A∩Dw. Then there is a maximal t-ideal
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P of D such that A∩(D[X]Nv(D)) = P [X]Nv(D) [22, Theorem 44] sinceD
w[X]Nv(D)

is integral over D[X]Nv(D) (Theorem 1.3(2)). It is clear that A ∩ D = Q ∩ D =

P . Hence Q[X]Nv(D) ∩ D[X]Nv(D) = P [X]Nv(D), and thus A = Q[X]Nv(D) [22,

Theorem 44]. This implies that Max(Dw[X]Nv(D)) = {Q[X]Nv(D)|Q ∈ t-Max(Dw)}
by (2). Therefore,

Dw[X]Nv(D) = ∩Q∈t-Max(Dw)(D
w[X]Nv(D))(Q[X ]Nv(D))

= ∩Q∈t-Max(Dw)(D
w[X])Q[X ]

= ∩Q∈t-Max(Dw)(D
w[X]Nv(Dw))(Q[X]Nv(Dw)) = Dw[X]Nv(Dw).

(3)⇒ (1) Let Q ∈ Spec(Dw) such that (Q∩D)t ( D. Then Q[X]∩Nv(D) = ∅,
and hence Q[X] ∩Nv(D

w) = ∅ by (3). Thus Qt ( Dw.

(1) ⇒ (4) Since Dw is t-linked over D (Lemma 1.2), wD is a finite character

∗-operation on Dw (Lemma 2.3), and hence every maximal t-ideal of Dw is a wD-

ideal. So it suffices to show that if Q is a maximal wD-ideal, then Qt ( Dw. Let

Q ∈ wD-Max(D
w). Then Q[X]Nv(D) ( Dw[X]Nv(D) since Q = Q[X]Nv(D)∩qf(D);

so (Q∩D)[X]Nv(D) ( D[X]Nv(D). Hence (Q ∩D)t ( D (cf. [21, Proposition 2.1]),

and thus Qt ( Dw by (1).

(4) ⇒ (1) Let Q be a prime ideal of Dw such that (Q ∩ D)t ( D. Then

Q[X] ∩ Nv(D) = ∅, and hence QwD = Q[X]Nv(D) ∩ qf(D) = Q ( Dw. Thus

Qt ( Dw by (4). ¤

Remark 2.5. (1) Let t-dim(D) = 1. If Q is a prime ideal of Dw such that

(Q∩D)t ( D, then ht(Q∩D) = 1, and hence htQ = 1 by Corollary 1.4(3). Hence
the pair D, Dw satisfies (#), and thus D is t-linked under Dw (Proposition 2.2).

(Recall that the t-dimension of D, denoted by t-dim(D), is the length of the longest

chain of prime t-ideals of D.)

(2) The proof of Lemma 2.4 shows that Lemma 2.4 holds for any t-linked overring

R of D with R ⊆ Dw.

(3) t-Max(Dw) ⊇ {Q ∈ Spec(Dw)|Q∩D ∈ t-Max(D)} by the proof of (1) ⇒ (2)

of Lemma 2.4.

Let ∗ be a ∗-operation on D. We say that D is a ∗-multiplication domain if every
nonzero finitely generated ideal I of D is ∗-invertible, i.e., (II−1)∗ = D. In par-

ticular, if ∗ = t, then a ∗-multiplication domain is called a Prüfer v-multiplication
domain (PVMD). It is clear that if ∗ is of finite character, then a ∗-multiplication
domain is a PVMD. Recall that D is a UMT-domain if every upper to zero in D[X]

is a maximal t-ideal. It is well known that D is an integrally closed UMT-domain

if and only if D is a PVMD [19, Proposition 3.2]. However, the integral closure

of a UMT-domain need not be a PVMD (see [23, Proposition 2.7]). Furthermore,

D̄ being a PVMD does not imply that D is a UMT-domain. For example, let D

be a Noetherian domain with t-dim(D) ≥ 2. Then D̄ is a PVMD, but D is not

a UMT-domain (see Remark 2.7). We next give some new characterizations of

UMT-domains.

Theorem 2.6. The following statements are equivalent for an integral domain D.
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(1) D is a UMT-domain.

(2) D̄[X]Nv(D) is a Prüfer domain.

(3) Dw is a wD-multiplication domain.

(4) Dw is a PVMD and the pair D, Dw satisfies (#).

(5) Dw is a PVMD and t-Max(Dw) = {Q ∈ Spec(Dw)|Q ∩D ∈ t-Max(D)}.
(6) Dw is a PVMD and Dw[X]Nv(D) = Dw[X]Nv(Dw).

(7) Dw is a PVMD and t-Max(Dw) = wD-Max(D
w).

(8) Each t-linked overring of D is a UMT-domain.

Proof. Let Nv = Nv(D) and K = qf(D). Note that Dw[X]Nv
= D̄[X]Nv

is the

integral closure of D[X]Nv
(Theorem 1.3) and Dw is t-linked over D (Lemma 1.2).

(1)⇔ (2) This follows directly from [15, Theorem 2.5].

(1) ⇔ (3) It is easy to see that IwD = {x ∈ K|xJ ⊆ I for a nonzero finitely

generated ideal J of D with J−1 = D} for each nonzero fractional ideal I of Dw.

Thus this is [29, Theorem 4.2].

(2)⇒ (4) Since Nv(D) ⊆ Nv(D
w) (Lemma 1.2), Dw[X]Nv(Dw) is an overring of

Dw[X]Nv , and hence D
w[X]Nv(Dw) is a Prüfer domain [17, Theorem 26.1]. Thus

Dw is a PVMD [21, Theorem 3.7].

Let Q be a prime ideal of Dw with (Q ∩ D)t ( D, and let P ∈ t-Max(D)

containing (Q∩D)t. LetQ0 be a prime ideal ofDw such thatQ ⊆ Q0 andQ0∩D = P

(cf. Corollary 1.4(3)). If Q0
t ( Dw, then Qt ( Dw. So we may assume that

Q∩D = P . Note that P [X]∩Nv = ∅ andQ[X]∩D[X] = P [X]; hence Q[X]∩Nv = ∅
and Q[X]Nv is a proper prime ideal of D

w[X]Nv . By (2), (D
w[X]Nv)Q[X ]Nv =

Dw[X]Q[X ], and thus D
w
Q = Dw[X]Q[X] ∩K, is a valuation domain [17, Theorem

19.16]. Thus QQ is a t-ideal of Dw
Q, and so Q = QQ ∩Dw is a t-ideal of Dw [21,

Lemma 3.17].

(4) ⇔ (5) ⇔ (6) ⇔ (7) See Lemma 2.4.

(6)⇒ (2) This is an immediate consequence of [21, Theorem 3.7].

(1) ⇒ (8) Let R be a t-linked overring of D. Then Dw ⊆ Rw by Corollary

1.4(2); so Rw[X]Nv
is an overring of Dw[X]Nv

. Thus by the equivalence of (1) and

(2), D is a UMT-domain ⇒ Dw[X]Nv
is a Prüfer domain ⇒ Rw[X]Nv

, and hence

Rw[X]Nv(R), is a Prüfer domain [17, Theorem 26.1] ⇒ R is a UMT-domain.

(8) ⇒ (1) This is clear. ¤

Remark 2.7. (1) Let D be a Noetherian domain with t-dim(D) ≥ 2. Then D̄ is

t-linked over D and D̄ is a Krull domain [16, Theorem 4.3(a)] (and hence PVMD),

but D is not a UMT-domain [19, Theorem 3.7]. For an explicit example, let R =

C[X,Y,Z,W ]/(XY −ZW ) = C+M , whereM = (X, Y,Z,W )/(XY −ZW ), and let
D = R+M . Then D is a Noetherian domain and t-dim(D) = 3 (see [6, Example

3.8(2)]). For another example, let K be a field, and let D = K[Y,XY,X2, X3].

Then D is a Noetherian domain with t-dim(D) ≥ 2 (see [29, § 6. Example]).
(2) It may be important to note that if D is a UMT-domain, then D̃ is a PVMD.

Here is a question. Is it true that D is a UMT-domain if and only if D̃ is a PVMD

and the pair D, D̃ satisfies (#).
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Let Λ be a nonempty set of prime t-ideals of D. Then ∩P∈ΛDP is called a subin-

tersection of D. The notion of subintersection was known only for Krull domains,

and then extended to arbitrary integral domains by Mott and Zafrullah ([25]). Let

R be an overring of D. It is well known that if D is a PVMD, then R is t-linked over

D if and only if R is a subintersection of D [21, Theorem 3.8]. We next generalize

this result to a UMT-domain.

Corollary 2.8. Let D be a UMT-domain, and let R be an integrally closed overring

of D. Then R is t-linked over D if and only if R is a subintersection of Dw.

Proof. (⇒) Let Nv = Nv(D) and K = qf(D). Note that Dw is the smallest

integrally closed t-linked overring of D by Proposition 1.1(1) and Theorem 1.3.

So if R is t-linked over D, then Dw ⊆ R, and hence R[X]Nv
is an overring of

Dw[X]Nv
. However, since Dw[X]Nv

is a Prüfer domain (Theorem 2.6), R[X]Nv
is

a subintersection of Dw[X]Nv [17, Theorem 26.1]. Note that if Q is a prime ideal

of Dw[X]Nv , then Q = P [X]Nv for some prime t-ideal P of Dw by Theorem 2.6

and [21, Theorem 3.14]. Thus R = R[X]Nv ∩K = (∩P∈Λ(Dw[X]Nv)P [X]Nv )∩K =

∩P∈Λ((Dw[X])P [X] ∩K) = ∩P∈Λ(Dw)P , where Λ is a set of prime t-ideals of D
w.

(⇐) Let S be a multiplicative subset of Dw. Then (Dw)S is t-linked over D. For

if Q is a prime t-ideal of (Dw)S , then Q ∩Dw is a t-ideal of Dw [21, Lemma 3.17],

and hence (Q ∩D)t = ((Q ∩Dw) ∩D)t ( D (Proposition 1.1(1) and Lemma 1.2).

Thus the result follows directly from [14, Proposition 2.2(b)]. ¤

3. the complete integral closure of sm-domains

An integral domain D is called a Strong Mori domain (SM-domain) if D satisfies

the ascending chain condition on integral w-ideals; equivalently, each w-ideal of D

is of finite type. It is known that D is an SM-domain if and only ifDP is Noetherian

for all P ∈ t-Max(D) and each nonzero nonunit of D is contained in only a finite

number of maximal t-ideals of D [30, Theorem 1.9], if and only if D[X]Nv(D) is a

Noetherian domain [12, Theorem 2.2].

The class group Cl(D) of D is the group of t-invertible fractional t-ideals of D

under t-multiplication modulo its subgroup of principal fractional ideals. It is well

known that a Krull domain D is factorial if and only if Cl(D) = 0 [16, Proposition

6.1]. Following [27], we call a Krull domain D an almost factorial domain if Cl(D)

is torsion. Recall that D is a weakly factorial domain (WFD) if every nonzero

nonunit of D can be written as a finite product of primary elements, while D is an

almost weakly factorial domain (AWFD) if, for each nonunit 0 6= x ∈ D, there is

a positive integer n = n(x) such that xn is a finite product of primary elements.

It is well known that D is a WFD (resp., AWFD) if and only if D is a weakly

Krull domain and Cl(D) = 0 [4, Theorem](resp., Cl(D) is torsion [3, Theorem

3.4]). (Recall that D is a weakly Krull domain if t-dim(D) = 1 and the intersection

D = ∩P∈t-Max(D)DP has finite character.)

The Mori-Nagata theorem states that the (complete) integral closure of a Noe-

therian domain is a Krull domain [26, Theorem 33.10]. We next show that this

holds for SM-domains.
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Theorem 3.1. (cf. [30, Theorem 3.5]) If D is an SM-domain, then Dw = D̃ = D∗

and D∗ is a Krull domain. In particular, if D is integrally closed, then D is a Krull

domain.

Proof. Let Nv = Nv(D), and recall that D̄[X]Nv ∩ qf(D) = Dw (Theorem 1.3),

D[X]Nv is a Noetherian domain [12, Theorem 2.2], and D̄[X]Nv is the integral

closure (hence complete integral closure) of D[X]Nv
. If x ∈ qf(D) is almost integral

over D, then x is almost integral over D[X]Nv
; so x ∈ D̄[X]Nv

∩ qf(D) = Dw.

Hence D∗ ⊆ Dw, and thus Dw = D̃ = D∗ because Dw ⊆ D̃ ⊆ D∗. Moreover,
since D̄[X]Nv is a Krull domain [26, Theorem 33.10], Dw = D̄[X]Nv ∩ qf(D) is a
Krull domain [16, Proposition 1.2]. The “in particular” statement follows because

D = D̄ = (D̄)w = Dw (Corollary 1.4(1)). ¤

It is well known that a Noetherian domain D is a UMT-domain if and only if

t-dim(D) = 1 [19, Theorem 3.7]. We next generalize this result to SM-domains.

Corollary 3.2. Let D be an SM-domain which is not a field. Then the following

statements are equivalent.

(1) D is a UMT-domain.

(2) The pair D, D∗ satisfies (#).
(3) t-Max(D∗) = {Q ∈ Spec(D∗)|Q ∩D ∈ t-Max(D)}.
(4) D∗[X]Nv(D) = D∗[X]Nv(D∗).

(5) t-Max(D∗) = wD-Max(D
∗).

(6) t-dim(D) = 1.

(7) Each t-linked overring of D is an SM-domain.

(8) Each overring of D[X]Nv(D) is a Noetherian domain.

Proof. Note that Dw = D∗ (Theorem 3.1) since D is an SM-domain.

(1) ⇔ (2) This follows directly from Theorem 2.6 because D∗ is a Krull domain
(hence a PVMD) (Theorem 3.1).

(2) ⇔ (3) ⇔ (4) ⇔ (5) See Lemma 2.4 and Remark 2.5(2).

(2) ⇒ (6) Let P be a maximal t-ideal of D, and let Q be a prime ideal of D∗

such that Q∩D = P and htQ = htP (cf. Corollary 1.4(3)). By (2), Qt ( D∗, and
hence htQ = 1 because D∗ is a Krull domain (Theorem 3.1). Thus htP = 1.

(6) ⇒ (1) Recall that D[X]Nv(D) is a one-dimensional Noetherian domain [12,

Theorem 2.2 and Corollary 2.4] andMax(D[X]Nv(D)) = {P [X]Nv(D)|P ∈ t-Max(D)}
[21, Proposition 2.1]. Hence every prime ideal of D[X]Nv(D) is extended from D,

and thus D is a UMT-domain [19, Theorem 3.1].

(6) ⇔ (7) ⇔ (8) See [12, Corollary 3.5]. ¤

Recall from [24, Theorem] that if D is a weakly factorial SM-domain, then each

t-linked overring of D is a weakly factorial SM-domain. In [6, Theorem 3.5], we

showed that if D is an almost weakly factorial Noetherian domain, then each inte-

grally closed t-linked overring of D is almost factorial.

Theorem 3.3. (cf. [6, Theorem 3.5] for Noetherian domains) Let D be an almost

weakly factorial SM-domain. Then every t-linked overring of D is an almost weakly

factorial SM-domain.
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Proof. Let R be a t-linked overring ofD. Then R is an SM-domain with t-dim(R) =

1 ([24, Lemma 2] or Corollary 3.2) since t-dim(D) = 1. So we need only show that

Cl(D) is torsion [3, Theorem 3.4]. We shall complete the proof by showing that

if I is a t-invertible integral t-ideal of R, then there is a positive integer n = n(I)

such that (In)t is principal.

Let X1(D) and X1(R) be the sets of height-one prime ideals of D and R, re-

spectively. Let Λ = {P ∈ X1(D)|P = Q∩D for some Q ∈ X1(R) with I ⊆ Q} and
Λ1 = {Q ∈ X1(R)|Q ∩D ∈ Λ}. Since R is an SM-domain with t-dim(R) = 1, the

number of height-one prime ideals of R containing I is finite. Hence Λ, and thus Λ1,

is finite. So if we set S = R\ (∪Q∈Λ1Q), then RS is a semilocal Noetherian domain

with dim(RS) = 1 (cf. [17, Proposition 4.8]). Note that since I is t-invertible,

IRS is invertible, and so IRS = xRS for some x ∈ R [17, Proposition 7.4]. Hence

I = ∩Q∈X1(R)IRQ = R∩ IRS = R∩ xRS [21, Proposition 2.8(3)]. Now, since D is

an AWFD, there is a positive integer n = n(x) such that xn = a
b
, where a, b ∈ D

are products of primary elements of D. Since a
b ∈ RS , we may assume that a, b 6∈ P

for all P ∈ X1(D) \ Λ (and hence a, b 6∈ Q for all Q ∈ X1(R) \ Λ1). Also, since
(In)tRS = ((I

n)tRS)t = (I
nRS)t ([10, Lemma 2.5] and [21, Lemma 3.4]), we have

(In)t = R ∩ (In)tRS = R ∩ ((IRS)
n)t = R ∩ xnRS =

a
bR. ¤

The proof of Theorem 3.3 gives another proof of [24, Theorem].

Corollary 3.4. ([24, Theorem]) Every t-linked overring of a weakly factorial SM-

domain is a weakly factorial SM-domain.

Corollary 3.5. Let D be a weakly (resp., an almost weakly) factorial SM-domain.

Then each integrally closed t-linked overring of D is a factorial (resp., an almost

factorial) domain. In particular, D∗ is a factorial (resp., an almost factorial) do-
main.

Proof. Let R be an integrally closed t-linked overring of D. Then R is an integrally

closed SM-domain (Corollary 3.2), and hence R is a Krull domain (Theorem 3.1).

Note that R is a WFD by Corollary 3.4 (resp., AWFD by Theorem 3.3); so Cl(R) =

0 [4, Theorem] (resp., Cl(R) is torsion [3, Theorem 3.4]). Thus R is factorial (resp.,

almost factorial). The “in particular” statement follows because D∗ is a Krull
domain, Dw = D∗ (Theorem 3.1), and Dw is t-linked over D (Lemma 1.2). ¤

Corollary 3.6. Let D be an SM-domain with t-dim(D) = 1, and let R be a t-linked

overring of D.

(1) If Cl(D) = 0, then Cl(R) = 0.

(2) If Cl(D) is torsion, then Cl(R) is torsion.

Proof. Recall that if A is an SM-domain with t-dim(A) = 1, then A is a weakly

Krull domain; hence A is a weakly (resp., an almost weakly) factorial domain if

and only if Cl(A) = 0 (resp., Cl(A) is torsion). Thus the results follow directly

from Theorem 3.3 and Corollary 3.4. ¤

Corollary 3.7. Let D be a Noetherian domain with dim(D) = 1. Then the follow-

ing statements are equivalent.
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(1) D is a weakly (resp., an almost weakly) factorial domain.

(2) Each overring of D is a weakly (resp., an almost weakly) factorial domain.

(3) If R is an overring of D, then Cl(R) = 0 (resp., Cl(R) is torsion).

Proof. Note that each overring of D is t-linked over D since dim(D) = 1 and that

a Noetherian domain is an SM-domain; so (1) ⇒ (2) is an immediate consequence

of Corollary 3.4 (resp., Theorem 3.3). (2) ⇒ (1) is clear because D is an overring

of D itself. (2) ⇔ (3) follows from [4, Theorem](resp., [3, Theorem 3.4]). ¤

Let Nv = Nv(D). Then Max(D[X]Nv
) = {P [X]Nv

|P ∈ t-Max(D)} [21, Propo-
sition 2.1] and Cl(D[X]Nv) = 0 [21, Theorems 2.4 and 2.14]. So D[X]Nv is a WFD

if and only if D is a weakly Krull UMT-domain. Moreover, D is an SM-domain

with t-dim(D) = 1 if and only if D[X]Nv is a one-dimensional weakly factorial

Noetherian domain [12, Theorem 2.2 and Corollary 2.4].
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